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ABSTRACT 

The open supermembrane contribution to the non-perturbative superpotential of bulk 
space five-branes in heterotic M-theory is presented. We expUcitly compute the super- 
potential for the modulus associated with the separation of a bulk five-brane from an 
end-of-the-world three-brane. The gauge and K-invariant boundary strings of such open 
supermembranes are given and the role of the holomorphic vector bundle on the orbifold 
fixed plane boundary is discussed in detail. 



Research supported in part by DOE grant DE-AC02-76ER03071 



1 Introduction 



One of the principal problems obstructing attempts to obtain the standard model from M- 
theory, that is, how to obtain chiral fermions in the low energy effective theory, was solved in 
several papers by Hofava-Witten |l|, |2[ and Witten These authors compactified eleven- 
dimensional = 1 supergravity on the orbifold 5^/Z2, producing chiral fermions on each 
of the two ten-dimensional orbifold fixed planes. They then showed that cancellation of 
the gravitational anomalies induced by these chiral fermions uniquely requires that each 
orbifold fixed plane supports an = 1, super- Yang-Mills multiplet. Hofava-Witten 
theory, therefore, is a theory with an eleven-dimensional "bulk" space bounded on two 
sides by ten-dimensional orbifold planes. The relation of this theory to = 1 four- 

dimensional theories was explored in |^, |5|, but these papers compactified Hofava-Witten 
theory directly to four-dimensions. 

In a series of papers [^^0, it was shown that it is natural to compactify Hofava-Witten 
theory, not directly to four-dimensions, but, rather, on a Calabi-Yau threefold to a theory 
with a five-dimensional bulk space bounded, on each end of the orbifold, by four-dimensional 
BPS three-branes. In this compactification, called heterotic M-theory, our observable world 
arises as the worldvolume theory of one of the boundary three-branes, the other boundary 
brane forming a hidden sector. Heterotic M-theory represents a fundamental realization 



of a "brane universe" directly from M-theory. It was demonstrated explicitly in [10|-|14] 
that both grand unified theories of particle physics and the standard model can arise on 
the observable three-brane by appropriately specifying semi-stable, holomorphic Eg vector 
bundles on the associated Calabi-Yau space. These Yang-Mills "instantons" break Eg to 
phenomenologically interesting gauge groups, such as SU{3) x SU{2) x U{1), and lead to 
three families of quarks and leptons. However, it was shown in these papers that, generically, 
anomaly cancellation requires the existence of BPS five-branes, wrapped on holomorphic 
curves in the Calabi-Yau threefold, in the bulk space. These five-branes represent new, non- 
perturbative physics that might have dramatic effects both in low energy particle physics 
and in cosmology |jl5|-||2^. Therefore, it is of importance to have a detailed understanding 
of their dynamics. 



With this in mind, in a recent paper |25|, we computed the superpotential induced 
at low energy by the exchange of open super membranes between the two orbifold fixed 
planes. This superpotential is an explicit holomorphic function of the (1, l)-moduli of 
the Calabi-Yau threefold. In addition, we showed that this superpotential is only non- 
vanishing under restrictive topological conditions on the end-of-the-world orbifold plane 
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instantons, namely, that the restriction of each vector bundle to the holomorphic curve 
around which the supermembrane is wrapped be trivial. In this paper, we extend these 
results to compute the low energy = 1 supcrpotential induced by the exchange of open 
supermembrancs between one cnd-of-thc-world BPS thrcc-brane and a wrapped five-brane 
in the bulk space. This calculation, although related to the one performed for the two 
orbifold fixed planes, has many features that are unique to the bulk space five-brane. We 
find that the superpotential is a holomorphic function of a new, composite modulus. This 
modulus is a specific combination of the translation modulus of the five-brane, the real 
and imaginary parts of the (1, l)-modulus associated with the holomorphic curve on which 
the five-brane is wrapped and the "axion" modulus, which is related to the worldvolume 
two-form of the five-brane. Again, we find that this superpotential is only non-vanishing if 
the vector bundle associated with the end-of-the-world three-brane is trivial when restricted 
to the holomorphic curve on which the five-brane and open supermembrane are wrapped. 

Specifically, we do the following. In Section 2 we discuss supermembranes and five-branes 
in both eleven-dimensional supergravity and in Hofava-Witten theory. The K-invariant 
action for an open supermembrane with one boundary string on an orbifold fixed plane and 
the other on a bulk space five-brane is studied in detail in Section 3. Section 4 is devoted to 
a discussion of the compactification of this theory on a Calabi-Yau threefold to heterotic M- 
theory and the further dimensional reduction on the 8^/1.2 orbifold. The effective action is 
shown to reduce to that of the heterotic superstring coupled to one Eg gauge background, a 
Neveu-Schwarz five-brane and wrapped on a holomrphic curve in the Calabi-Yau manifold. 
In Section 5, we review the relevant moduli in heterotic M-thcory and their reduction to 
the four-dimensional effective theory. We discuss in detail the (1, l)-modulus T associated 
with the holomorphic curve and the translational chiral multiplet Y that will appear in 
the superpotential. We also discuss the method for calculating the superpotential from the 
open supermembrane contribution to the relevant fermion two-point function. Section 6 
is devoted to the explicit calculation of the non-perturbative corrections to this two-point 
function using a saddle point approximation. We present a careful discussion of gauge fixing 
and zero-modes, calculate the bosonic holomorphic contribution and compute the formal 
expressions for the determinants associated with quadratic fluctuation terms. In Section 
7 we calculate the Wess-Zumino-Witten determinant related to quadratic fluctuations in 
the background of an Eg gauge instanton. It is shown that this determinant is only non- 
vanishing if the restriction of the holomorphic vector bundle to the curve on which the 
heterotic string is wrapped is trivial. Finally, we extract the complete expression for the 
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superpotential associated with the five-brane translation modulus in Section 8. Our notation 
and conventions are discussed in the Appendix. 



Our work, both in this paper and in |25|, is based on the ground-breaking formalism 



presented in |2£, 27]. Recently, a paper due to Moore, Peradze and Saulina |29| appeared 



which studied topics similar to those presented here and in |25]. Some of our results are 
similar to theirs and much is new or complementary. We acknowledge their work and appre- 
ciate their pre-announcement of our independent study of this subject. We want to point 
out and emphasize the paper of Derendinger and Sauser |^8| on the perturbative low energy 
effective theory of five-branes in heterotic M-theory. These authors elucidated the relevant 
moduli associated with five-brane dynamics and computed their contribution to the four- 
dimensional Kahler potential. In this paper, we add the non-perturbative superpotential 
contributions. We note that the same moduli naturally arise in our calculation, in a very 
different context. 

2 Membranes and Five-Branes in Horava-Witten Theory: 

Eleven-Dimensional Supergravity, Membranes and Five-Branes: 

A'^ = 1 supersymmetry in eleven-dimensions has 32 supercharges and consists of a single 



supergravity multiplet |3C] containing as its component fields a graviton gjc^f^, a three-form 
^MNP ^^'^ ^ Majorana gravitino The field strength of the three-form, defined by 

G = dC, has as its components G^jjqpQ = '^'^'^[m^ fij pqy We denote the coordinates of the 
real eleven manifold Mn as {xP , . . . ,x^,x^^). The associated action is invariant under the 
supersymmetry transformations of the component fields. For our purposes, we need only 
specify the supersymmetry variation of the gravitino field which is given by 

^i^M = + ^(f - 84r^^^)-"G^Pc5K + • • • - (2-1) 

where e is the Majorana supersymmetry parameter and the dots denote terms that involve 
the fermion fields of the theory. The eleven-dimensional spacetime Dirac matrices T 
satisfy {T ^^T ^} = Ig^^^. N = 1 eleven-dimensional supergravity can be formulated in a 
superspace with coordinates 

= (^Af^^/i)^ (2.2) 

where , M = 0, ...,9, 11 are the bosonic coordinates introduced above and 6^, fi = 
1, ... ,32 are anti-commuting coordinates in a thirty- two component Majorana spinor. In 
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this formulation, the graviton and three-form appear as the fowest components of the super- 
elfbein and the super-three-form C^^jg^ respectively. The gravitino arises at order 6 in 
the expansion of E^. 

It is well-known that there is a 2 + 1-dimensional "electrically charged" membrane 
solution of the M-theory equations of motion that preserves one-half of the supersymmetries 



|31|, that is, 16 supercharges. The worldvolume action for this supermembrane coupled 
to background eleven-dimensional supergravity is known [^]. It is given, in the target 
superspace formulation, by 

SsM = -Tm <fa(^-deigv, - ^e^~^'%j^n?nf C^m), (2-3) 

where 

Tm = (27rV«')'/' (2.4) 

is the membrane tension of mass dimension three and cr*,? = 0, 1,2 are the intrinsic coor- 
dinates of the membrane worldvolume S. Parameter k is the eleven-dimensional Newton 
constant. Furthermore, 

= n^ffifvAw = (2.5) 

where represents the superembedding Z : S^l^ — > M^^^^"^, whose bosonic and fermionic 
component fields are the background coordinates 

Z^{a) = {X^^{a),ef'{a)), (2.6) 

respectively. The action is a sigma-model since the super-elfbeins and the super-three- 
form Cj^ji^ both depend on the superfields Z^. The super-elfbeins have, as their first bosonic 
and fermionic component in the expansion, the bosonic elfbeins and the gravitino 
respectively, while the super-three-form has the bosonic three-form from eleven-dimensional 
supergravity as its leading field component. 

The fact that the membrane solution of M-theory preserves one-half of the supersymme- 
tries translates, when speaking in supermembrane worldvolume language, into the fact that 
the action (^]^) exhibits a local fermionic invariance, K-invariance, that is used to gauge 
away half of the fermionic degrees of freedom. Specifically, the supermembrane action is 
invariant under the local fermionic symmetries 

5fie = 2p+k + ■■■, 5f,X^^ = 2^t^'P+k + • • • , (2.7) 

where k((5") is an eleven-dimensional local spinor parameter and P± are the projection 
operators 
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obeying 

Pl = P±, P+P-=0, P+ + P- 



It follows from the first equation in ( |2.7D that the P+0 component of spinor Q can be trans- 
formed away by a K-transformation. Note that (|2.7| ) includes only the leading order terms 
in 0, which is all that is required to discuss the supersymmetry properties of the membrane. 



It can be shown that the membrane action (2^) will be invariant under transformations 



( |2.7| ) if and only if the background superfields and C^^j^ satisfy the eleven-dimensional 
supergravity constraint equations. However, the general bosonic membrane configuration 
X(a) is not invariant under global supersymmetry transformations 

6gQ = i, 6iX^^ = it^^Q, (2.10) 

where i is an eleven-dimensional spinor independent of a. Nevertheless, one-half of the 
supersymmetries will remain unbroken if and only if (|2.1C| ) can be compensated for by a 
At-transformation with a suitable parameter k.{a). That is 

= i + 2p+k{a) = 0. (2.11) 

In order for this to be satisfied, a necessary condition is that 

P_e = 0. (2.12) 

In addition to the supermembrane, it is well-known that there is a six-dimensional 
"solitonic" five-brane solution of M -theory that preserves one-half of the supersymmetries [] , 
that is, 16 supercharges. The worldvolume action for this five-brane coupled to background 



eleven-dimensional supergravity is known [33|, but it is not necessary to give its explicit 



form in this paper. Here, it suffices to note the following. The scale of the action is set by 
T5, which is the five-brane tension of mass dimension six given by 

Ts = {Att/k^/^. (2.13) 



It follows from (2.4) that the relation between T5 and Tm is 



n = '-i^. (2.14) 

The five-brane worldvolume Mg has the six intrinsic coordinates r = 0, . . . , 5 and world- 
volume metric 

g,=tL^tL!vAW tLr=drf^El (2.15) 
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where Y represents the superembedding Y : Mg M^^l^'^ with 

t\) = iY'\0£m (2.16) 

In addition to Y_ and h'^, the five-brane theory also requires the introduction of a world- 
volume two-form, DrsiO^ whose field strength is anti-self-dual. Finally, we note that the 
five-brane action contains explicit couplings to the super-elfbeins and super-three-form 
'^CBA eleven-dimensional background supergravity. 

As for the supermembrane, the five-brane worldvolume action exhibits a K-invariance 
that can be used to gauge away half of the fermionic degrees of freedom. Specifically, the 
action is invariant under 

5^E = 2V+k + ---, %£*' = 2if*V+K + ---, S^D^ = 2C^V+K^ (2.17) 

where k(^) is an eleven-dimensional local spinor parameter, 

C^A = n.^nf C M (2.18) 



and V± are projection operators. In general, these operators depend in a complicated way 
on the three-form 

mrst = {dmrst-C^, (2.19) 

where 

Qrst = &^nf nf c^M (2.20) 



is the pullback of the supergravity super-three-form onto the five-brane worldvolume. If, 
however, one chooses 

^rst = 0, (2.21) 

which we will do for the remainder of this paper, then these projection operators simplify 
and are given by 



1 ^ ^ - Ai -A 




ri...r, 



4/---4;f^,..iJ. (2.22) 



Note that ( |2.17| ) includes only the leading order terms in H, which is all that is required 
to discuss the supersymmetry properties of the five-brane. It can be shown that the five- 
brane action will be invariant under At-transformation ( ^.17| ) if and only if the background 
superfields and C^jg^ satisfy the constraint equations of eleven-dimensional supergrav- 
ity. Using a ^-transformation with a suitable parameter k(^), the global supersymmetry 
transformations 

= I, Sit^ = it^E, (2.23) 
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where i is an eleven-dimensional spinor independent of ^, can be compensated for to leave 
one-half of the super symmetries unbroken. That is 

5E = i + 2V+k{i) = 0. (2.24) 

For this to be satisfied, a necessary condition is that 

V-i = 0. (2.25) 

It is well-known that after fixing this K-gauge, the 16 unbroken supercharges arrange them- 
selves clS cl SIX- dimensional (2,0) supersymmetry and that the worldvolume theory of the 
five-brane consists of a single tensor multiplet. This supermultiplet contains as its compo- 
nent fields 

i.D,_,±^,x), p = 6,...,9,ll, (2.26) 

where the field strength of D.rs is anti-self-dual, the five scalars Y_ label the transverse 
translational modes of the five-brane and x a-^s the associated fermions. 

We now turn to a discussion of supermembranes and five-branes in Hof ava-Witten the- 
ory. 

Five-Branes and Membranes in Hofava-Witten Theory: 

When M-theory is compactified on /'^2, it describes the low energy limit of the strongly 
coupled heterotic string theory Q]. We choose x^^ as the orbifold direction and parametrize 

by x^^ G T^p] with the endpoints identified. The Z2 symmetry acts by further 

identifying any point x^^ with —x^^ and, therefore, gives rise to two ten-dimensional fixed 
hyperplanes at x^^ = and x^^ = irp. We will denote the manifold of either of them by 
MiQ. Since, at each Z2 hyperplane, only the field components that are even under the Z2 
action can survive, the eleven-dimensional supergravity in the bulk space is projected into 

= 1 ten-dimensional chiral supergravity on each boundary. = 1 supersymmetry in 
ten-dimensions preserves 16 supercharges. Furthermore, cancellation of the chiral anomaly 
in this theory requires the existence of an = 1, Eg super- Yang-Mills multiplet on each 
fixed hyperplane [Q, |2[. Therefore, the effective action for M-theory on l'Z.2 describes the 
coupling of two ten-dimensional i?8 super- Yang-Mills theories, one on each hyperplane, to 
eleven-dimensional supergravity in the bulk space. In order to cancel all chiral anomalies 
on the hyperplanes, the action has to be supplemented by the modified Bianchi identity^ 

(^g)nM^PQ = -^(|^)^^^ (J(^)<^(xi"^) + J(^)<^(x- - vr,))^^^^^ , (2.27) 

^The normalization of G adopted here differs from |l| by a factor of -^2 but it agrees with [^^, in which 
one considers, as we will do in this paper, the superfield version of the Bianchi identities. 
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where 



j(n) = ^^pin) ^ pin) _ 1^^^ ^ (2.28) 



for n = 1,2 and M,N = 0, ...,9. The solutions to the equations of motion must re- 
spect the Z2 orbifold symmetry. For the purposes of this paper, we need only specify the 
transformation property of the gravitino under Z2. This is given by 

i'Mix''') = ffi^M(-x"), ^uix'^') = -f f,^,~,(-xi"i). (2.29) 

where F-i^-^^ = r^Fi • • • Fg. In order for the supersymmetry transformations of the gravitino 
to be consistent with the Z2 symmetry, the eleven-dimensional Majorana spinor i in ( |2.1[ ) 
must satisfy 

e(x") = r^^i{-x^^^). (2.30) 

This equation does not restrict the number of independent components of the spinor fields 
e at any point in the bulk space. However, at each of the Z2 hyperplanes, constraint ( p. 30 ) 
becomes the ten-dimensional chirality condition 

1 
2 



;(1 -F^'^)e = 0, at x^^ = 0,7r/). (2.31) 



This condition implies that the theory exhibits = 1 supersymmetry on each of the ten- 
dimensional orbifold fixed planes. 

Five-brane solutions were explicitly constructed for Hofava-Witten theory in [36|. There, 



the five-brane solution of eleven-dimensional supergravity was shown to satisfy the equations 
of motion of the theory subject to the Z2 constraints. There are two different ways to orient 
the five-brane with respect to the orbifold direction, that is, x^^ can be either a transverse 
coordinate or a coordinate oriented in the direction of the five-brane. In the first case, the 
five-brane is parallel to the hyperplanes. In the second case, it intersects each of them along 
a 4+1 dimensional brane. Note, however, that there is no BPS 4-brane in ten-dimensional 
heterotic string theory. It follows that the second orientation cannot preserve supercharges 
compatible with the = 1 supersymmetry on the boundary hyperplanes. Hence, such 
five-branes are not of interest from the point of view of this paper, and we consider only five- 
branes parallel to the orbifold fixed planes. We now show that these parallel five-branes do 
conserve supercharges compatible with the boundary hyperplane supersymmetry. As shown 
above, for any orientation of the five-brane, one half of the supersymmetries will remain 
unbroken if and only if the target supersymmetry transformation with spinor parameter i 
can be compensated for by a ^-transformation with a suitable parameter k(^). For this to 



be the case i must satisfy V-i = 0, where V- is given in ( 2.22 ). Now choose the orientation 
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of the fivebrane to be parahel to the orbifold fixed planes. In this case, we can take the 
fields Y and H such that 



y" = 6P'e, p',r = 0,...,5. 



r = 0, p = 6,...,9, 

= Y, H = 0, (2.32) 



where Y is the location of the five-brane along the orbifold direction. Expression ( p. 25 ) 
then becomes 

7^-1= ^(1- f 012345)1 = 0, (2.33) 
where roi2345 = ^5 • • • Tg- Note that the 16 supercharges preserved on the five-brane world- 



volume by chirality condition ( |2.33| ) form a (2,0)-supersymmetry on the five-brane. 

As discussed previously, the five-brane worldvolume fields form a tensor supermultiplet 
of (2,0)-supersymmetry. This contains, among other things, a two-form Dj-s whose field 
strength is anti-self-dual. It is important to note that the presence of an anti-self-dual 
tensor in six-dimensions leads to a gravitational anomaly on the five-brane worldvolume. 
This must be canceled by adding the appropriate higher dimensional interactions to the 
eleven-dimensional supergravity theory and by modifying Bianchi identity ( p. 271) to 



MNPQ 

(2.34) 



where J5 is the four-form source that is Poincare dual to the homology class of the complex 
curve on which the five-brane is wrapped. 

Now consider super membranes in the Hofava-Witten context. We begin by assuming 
there are no five-branes in the bulk space. There are two different ways to orient the mem- 
brane with respect to the orbifold direction, that is, can either be a transverse coordinate 
or a coordinate oriented in the direction of the membrane. In the first case, the membrane 
is parallel to the hyperplanes. In the second case, it extends between the two hyperplanes 
and intersects each of them along a 1 -|- 1-dimensional string. This latter configuration is 
sometimes referred to as an open supermembrane. It was shown in |36| that the parallel 



configuration cannot preserve supercharges compatible with the = 1 supersymetry on 
the boundary hyperplanes. This is readily understood once one notices that a such a par- 
allel membrane would correspond to a BPS membrane in ten-dimensional heterotic string 
theory. However, no such membrane exists and, therefore, parallel membranes are not of 
interest in this paper. Henceforth, we only consider open supermembrane configurations. 
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We now show that these configurations do preserve supercharges compatible with the = 1 
supersymmetry on the orbifold planes. 

We have seen in ( p.l2| ) that, in order for supersymmetry to be preserved, the global 
supersymmetry parameter e of the membrane worldvolume theory must satisfy P_e = 0, 



where P- is given in (2.8). An open submembrane is oriented perpendicular to the ten- 



dimensional hyperplanes. Therefore, we can choose the fields such that 

X™ = 0, m = 2,3,...,9 9 = 0, (2.35) 
so that P-i = now becomes 



P_e = -(l-fQfif,-,)e = 0. (2.36) 



This is as far as one can go in the bulk space. However, on the orbifold boundary planes, 
( 2.31 ) can be substituted in ( p. 36 ) to give 



^(1 - f oj)f = 0, at x^^ = 0, vrp. (2.37) 

This expression implies that the eleven-dimensional Majorana spinor e, when restricted 
to the 1 -|- 1-dimensional boundary strings, is a non-vanishing Majorana- Weyl spinor, as it 
should be.0 We see, therefore, that this configuration preserves supercharges consistent with 
the supersymmetry on the Z2 hyperplanes. Therefore, we conclude that a configuration 
in which the supermembrane is oriented parallel to the orbifold hyperplanes breaks all 
supersymmetries. On the other hand, the configuration for the open supermembrane is 
such that the hyperplane and membrane supersymmetries are compatible. Below, we will 
analyze the exact role of chiral projection ( p. 37 ). 



Now assume there is a bulk space five-brane oriented parallel to the orbifold planes, 
and that the open supermembrane stretches between one orbifold plane and the five-brane. 
The previous discussion continues to hold on the two-dimensional boundary string, which we 
denote by dTig, contained in the orbifold plane. What happens at the other two-dimensional 
boundary string, dT,^, embedded in Mg? Clearly ( 2.36| ) must remain true on It is 



not hard to show that this expression is compatible with the five-brane spinor chirality 
constraint ( p. 33 ) and, hence, preserves supercharges compatible with the supersymmetry 



^When we switch to Euclidean space later in this paper, we must regard e as an eleven-dimensional Dirac 
spinor and e as a ten-dimensional Weyl spinor, since in these dimensions one cannot impose the Majorana 
condition. 
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on the orbifold fixed plane. Below, we will analyze the exact role of chiral projection ( p.36 ) 
on the supercharges of dT,^. 

We conclude that the configuration consisting of an open supermembrane with two- 
dimensional boundary strings on an orbifold plane and a parallel five-brane respectively, 
preserves supercharges consistent with the supersymmetry on the Hofava-Witten fixed hy- 
perplanes. 



3 Av-Invariant Action for Open Membranes: 

We have shown that for a supermembrane to preserve supersymmetries consistent with the 
boundary fixed planes and witha parallel oriented five-brane, the membrane must be open. 
That is, it must be stretched between the two Z2 hyperplanes or, as we will be concerned 
with in this paper, between one of the Z2 hyperplanes and the bulk space five-brane. In 
this section, we want to find the action associated with such a membrane. Action ( |2.3D 
is a good starting point. However, it is not obvious that it will correspond to the desired 
configuration, even in the bulk space. For this to be the case, one needs to ask whether 
this action respects the Z2 symmetry of Hofava-Witten theory. The answer was provided 



in 1 36], where it was concluded that, for an appropriate extension of the Z2 symmetry to 
the worldvolume coordinates and similar constraints for the worldvolume metric, the open 
supermembrane equations of motion are indeed Z2 covariant if the supergravity background 
is Z2 invariant. Therefore, we can retain action ( |2.3D . Does it suffice, however, to completely 
describe the open membrane configuration? Note that the intersection, which we denote by 
9S9, of one end of the open membrane with the orbifold fixed plane is a two-dimensional 
string embedded in the ten-dimensional boundary plane Miq. We denote by a*, i = 1,2, 
the worldsheet coordinates of this string. Intuitively, one expects extra fields, which we 
generically denote by (j){cr), to appear on this boundary string in addition to the bulk fields 
Z^((t). These would naturally couple to the pullback onto the boundary string of the 
background Eg super-gauge fields Am. As we will see in this section, new supermembrane 
fields are indeed required and form a chiral Wess-Zumino-Witten multiplet of the Eg gauge 
group.^ Furthermore, the intersection, which we denote by dT,^, of the other end of the open 
supermembrane with the bulk space five-brane is also a 1 + 1-dimensional string. However, 
this string is embedded in the six-dimensional five-brane worldvolume Mg. As we will see 
below, unlike the intersection string on the orbifold plane, it is not necessary to have extra 
fields on the five-brane intersection string in addition to the bulk fields Z^((t). These bulk 
^This section follows closely the original proof in 
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fields suffice, through their derivatives along the worldsheet directions, to couple to the 
pullback onto the string worldsheet of the five-brane super- two- form fields B]g§. 

Let us first consider the intersection of the open membrane with the boundary hyper- 
plane. As discussed previously, the supergravity theory of the background fields exhibits 
both gauge and gravitational anomalies that can only be canceled by modifying the Bianchi 
identity as in ( 2.34| ). Integrating ( |2.34| ) along the x^^ direction in the neighborhood of the 



orbifold plane, and promoting the result to superspace, we ffiid that 

<Gmnpq |mio= - o rn (^^^ ^ ]F)mnpq, (3.1) 

where F is the super-field-strength of the fields A. Note that we have dropped the curvature 
term proportional to trRAR. The reason for this is that this term is associated, for anomaly 
cancellation, with higher dimensional terms in the eleven-dimensional supergravity action. 
However, the brane actions used here couple only to the background fields whose dynamics 
are given by the usual, low dimensional supergravity theory. Hence, the trR A R terms are 
of higher order from this point of view. The reason for expressing the integrated Bianchi 
identity in superspace is to make it compatible with the bulk part of supermembrane action 
(|2.3|), which is written in terms of the pullbacks of superfields and Cj^ax onto the 



worldvolume. Recalling that, locally, G = dC, it follows from (3T) that on the orbifold 
plane 

CmNP |Mio= — o on ^MNP(A), (3.2) 
ovri M 

where 

f^MNp(A) = 3! ( tr(A A dA) + |tr(A AAA A) ) (3.3) 

is the Chern-Simons three-form of the super-one-form A. 

Note that each A is a super-gauge-potential and, as such, transforms under super-gauge 
transformations as 

5lA^ = dml^^ + r'^A'^h'^, (3.4) 
with a,b,c = 1, . . . , 248. If we define the pullback of A as 

A, = diZ^Am, (3.5) 

the gauge transformation in superspace (3.4) induces a gauge transformation on the string 



worldsheet, which acts on the pullback of A as 

5lA^ = (AL)" = d^h" + /"^'^A^^L^ (3.6) 
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where L = L(Z'"(cj)). It follows from (gj), (|3j) and (jSj) that, on the boundary fixed 
plane, 

3 



(^lCmnpImi 



(5l ( tr(A A dA) + ^tr(A A A A A) 



-tr(9[ML9NAif 



^ttTm 

(3.7) 



Note that, since the supergauge fields A live only on the orbifold plane, 

(^lCmnp = (3.8) 

everywhere else on the open supermembrane, including its intersection with the bulk space 
five-brane. Now consider the variation of the supermembrane action (|2.3| ) under a super- 
gauge transformation. Clearly, a non-zero variation arises from the second term in ( ^.31 ) 

= — [ d'^a e'^diZ^djZ^tTihdNAm), (3.9) 

where we have integrated by parts. Therefore, action (|2.3| ) is not invariant under gauge 
transformations. This symmetry is violated precisely at the boundary plane. It follows that 
to restore gauge invariance, one must add an appropriate boundary term to the superme- 
mbrane action. 

Before doing that, however, let us consider the transformation of the action Ssm under 
a K-transformation, taking into account the boundary expression ( |3.2D . Note that the k- 
transformation acts on the super-three-form C as 

<5«C = £«C = u(iC + (di«)C, (3.10) 

where Cf^ is the Lie derivative in the /t-direction and the operator if^ is defined, for any 
super-/-form O, as 

hO = ^6^^,„^^i,idZ^^ A---AdZ^^) 

= (rrT)T^M....M..,A iP+knid^"^'-' A • • • A dzH (3.11) 

Importantly, we use the positive projection P+ of k, as defined in ( |2.7D , in order to remain 



consistent with the previous choices of supersymmetry orientation. Varying action (2.3) 



under ( p.lO ), and under the full k- variations of Z, we observe that K-symmetry is also 



violated at the boundaries 



SkSsM = -]:Tm [ d^cj e'id,Z^djZ''CnM[.P+i^^ (3.12) 

O JdT. 



IdT. 
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where 9S = dT,Q + is the sum over the two strings on the boundary of the open 
supermembrane. Using (|3.2|) , this can be written as 



-Itm [ d^ae'^d^Z'^djZ^'CnMf.P+k^ (3.13) 

In deriving this expression, we have used the eleven-dimensional supergravity constraints. It 
proves convenient to consider, instead of this ^-transformation, the modified ^-transformation 

A^ = 5^-5l,, (3.14) 

where 5^. is a super-gauge transformation with the special gauge parameter 

L;. = i^A = 2A^P+/t^. (3.15) 

Note that, although this modifies the transformation of the three-form Cmnp on dT,g, it fol- 
lows from i \i.8\} that this modified transformation is identical to the original ^-transformation 
everywhere else, including dT,^. Under this transformation, the supermembrane action be- 
haves as 

-Itm [ d^a e'idi'L^d0'CnM[.P+fi^ (3.16) 

It is important to note that modified K-invariance of Ssm has two independent obstructions, 
one on the orbifold boundary string c^Sg and one on the five-brane string Both of these, 
along with the obstruction to gauge invariance on SSg specified in (|3.9D , must somehow be 
canceled if the theory is to be consistent. Before doing that, it is also useful to record that 
the pullback of the boundary background field A transforms as 

A«A, = 2diZ^¥Mf.P+k^ (3.17) 

under this modified ^-transformation, where we have used the fact that 

5kK = Cf,A (3.18) 



is the ^-transformation of A, just as in ( 3.10| ) 



We now turn to the question of canceling both the gauge and modified ^-transformations 
on both dTig and dT,^. We begin with the intersection string SSg of the orbifold plane 



and the membrane. It was shown in |35| that the gauge and modified /t-anomalies on 
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SSg, given in ( p.S| ) and the first term in ( 3.16| ), can be canceled if the supermembrane 
action is augmented to include a chiral level one Wess-Zumino-Witten model on the orbifold 
boundary string of the membrane. The fields thus introduced will couple to the pullback of 
the background field A at that boundary. 
On dTiQ, the new fields can be written as 

g{a)=ef''('^^^\ (3.19) 

where T", a = 1, . . . , 248 are the generators of and (j)^{cr) are scalar fields that transform 
in the adjoint representation, and parametrize the group manifold, of Eg. Note that g is a 
field living on the worldsheet of the orbifold boundary string. The left-invariant Maurer- 
Cartan one- forms uji{cr) are defined by 

= g'^d.g. (3.20) 

The variation of g{(T) under gauge and modified K-transformations can be chosen to be 

5Lg = gh, Af,g = 0, (3.21) 

where L = L(Z((t)). The coupling of this model to the external gauge fields is accomplished 
by replacing the left-invariant Maurer-Cartan one-form tOi = g^^dig by the "gauged" version 

g-^D,g = uj^-diZ^AM, (3.22) 

where Di is the covariant derivative for the right- action of the gauge group. 

An action that is gauge- and K-invariant on the membrane bulk space worldvolume and 
on dTig, but not yet on the five-brane boundary string, can be obtained by adding to the 
bulk action Ssm given in (|2.3| ) the Wess-Zumino-Witten action 

-2i^//'''^'X.(^)' 

where 

l^^.j(c2;)=tr(c2;Ac2;Aci)^^.j (3.24) 

and we use eoi2 = +1- The first term in ( 3.231 ) describes the kinetic energy for the scalar 
fields 0"((t) and their interactions with the pullback of the super-gauge potential A. The 
second term is the integral, over the three-ball B with boundary SSg, of the Wess-Zumino- 



Witten three-form, constructed in ( 3.24 ) from a one-form uj = g ^dg, where g : B ^ Eg. 
The map g must satisfy 

9 |9S9= 9, (3.25) 
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but is otherwise unspecified. That such a g exists was shown in |^. Note that we have 
imphcitly assumed that 

aSg = CP^ = 5^ (3.26) 

as we win do later in this paper when computing the superpotential. It is straightfor- 
ward to demonstrate that the variation of Swzw under both gauge and local modified 
/t-transformations, (5l and A/i respectively, exactly cancels the variations of the bulk action 
SsM given in ( p. 9] ) and the first term in ( |3.16| ), provided we choose the parameter k on 9E9 
to obey 

P^k = 0, (3.27) 
where the projection operators P± are defined as 

P± ^ \{l ± ^L^ e^mtn^TAB) (3.28) 
2 2^-(i(iigij 



Note that this is consistent with (2.37). On the orbifold boundary string we can denote k 
by K. In proving this cancellation, it is necessary to use the super- Yang-Mills constraints 
on the boundary hyperplane. We conclude that by adding Swzw to the action, we have 



completely canceled the gauge anomaly (3.9) and the SSg term in the modified K-anomaly 



( 3.16 ). We now turn to the question of canceling the remaining obstruction to modified 



K-invariance, namely, the dTi^ term in ( 3.16| ). 



Before doing this, it is necessary to discuss the embedding coordinates of the boundary 
string on the five-brane. First note that, when restricted to the intersection between the 
membrane and the five-brane, 

Z^(ct) = Y"(a). (3.29) 

Furthermore, it follows from the static gauge choice ( |2.32| ) of the five-brane that all su- 
percoordinates Y^((t) vanish except for those given in terms of the intrinsic worldvolume 
supercoordinates as 

YV) = r(cT),eqa)), (3.30) 

where 0^ is a 16-component spinor of (2,0)-supersymmetry in six-dimensions. In terms of 
the supercoordinates in ( 3.30 ), the five-brane tensor supermultiplet ( 2.26| ) can be expressed 



as a super-two-form Djjg satisfying 

Rrs\B!t=Q= (3.31) 

and another constraint that we will specify below. It is useful to note that the second term 
in ( 3.16| ) can now be written as 



\tm [ <fcj e'^d,Y^djY^Cs^^P+K^, (3.32) 
6 7as5 — - 
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where we have used the fact that the string can only move within the five-brane worldvolume 



and, therefore, k must be projected as in ( |2.3. 



It was shown in |^9[ that the dJ^^ term in (3.16), that is, the obstruction to K-invariance 



on the intersection string of the membrane and five-brane, can be canceled if one adds to 
the action Ssm + Swzw another term, supported only on dT,^, given by 

S5 = \tm I Saem^^ (3.33) 

where i,j = 0, 1 and 

% = dek^dj^n^ (3.34) 

is the pullback of the five-brane worldvolume super-two-form D]gg onto the boundary string 
It is important to note that, unlike the case of the Wess-Zumino-Witten action ( p. 231) , 
it is not necessary to introduce any new dynamical degrees of freedom on 9S5 in order to 
couple this string to the background five-brane worldvolume two-form superfield. Clearly, 
this piece of the action does not involve the £"8 supergauge fields of the orbifold boundary 
in any way and, hence, the gauge anomaly continues to vanish. However, D]gg does have a 
non-trivial transformation under modified ^-transformations. This is given by 

A«;B = = i^d"^ + (di^)! (3.35) 

where the action of on any super- 1- form is defined in ( 3.11| ). Varying 55 under the 
modified ^-transformation, we find that 

A«55 = I d^ae'^diY%YHdB)miiP+^-- (3-36) 



Using ( 3.32| ), we can add this variation to the dT,^ term in (3.16) giving 



^kSsM laSs +A^55 = [ d^(Te'idiY^djYMsRuP+^, (3-37) 

where 

1 = cffl - C. (3.38) 

This variation will vanish and modified K-invariance will be restored if and only if we impose 
the constraint 

Imm = 0- (3-39) 

This constraint reduces the large reducible multiplet in B]gg to the irreducible tensor super- 
multiplet specified in ( 2.26| ). 
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Thus far, we have demonstrated that the combined action for the open supermembrane 
with boundary strings 

SoM = SsM + Swzw + S5 (3.40) 

is invariant under both Eg gauge transformations on dT,g and modified ^-transformations 
everywhere. We have, however, yet to check that this action is invariant under the Abehan 
transformations 

SaB = dA (3.41) 

of the super two-form on dT,^. As in the case of -Eg supergauge transformations, there are 
two potential sources of 6a anomahes. First, integrate the modified Bianchi identity ( p. 34 ) 
along the x^^ direction in the neighborhood of the five-brane. We find that 

Gmnpq lMg= (3.42) 

Exactly as for the trR A R term at the orbifold boundary Mio, we have dropped the contri- 
bution from the five-brane source J5 on the right hand side of ( p. 34 ). Again, the reason for 



doing this is that this term is associated, for anomaly cancellation, with higher dimensional 
terms in the eleven-dimensional supergravity action. However, the five-brane action used 
here couples only to background fields associated with the usual, low dimension terms in 
this supergravity theory. Hence, the J5 terms are higher order from this point of view. It 
follows from ( 3.42| ) that 

Cmnp \m5= {dB)Mm (3.43) 

where B is some super-two-form on Mq unrelated to B. Note that this expression is con- 
sistent with the constraint equation ( 3.3S| ). It follows that 



\m,= (3.44) 
and, hence, Ssm is invariant. Second, note that since the variation of its integrand is a total 



divergence, is invariant under Abelian transformation ( 3.41 ). Combining these results, 
we conclude that 

SaSom = 0. (3.45) 



4 Low-Energy Limit and the Heterotic Superstring: 

In this paper, we are interested in obtaining an effective four-dimensional theory with = 1 
supersymmetry. In particular, we want to compute non-perturbative corrections to the 
superpotential of the theory. These corrections arise from the non-perturbative interaction 
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between the background and the open supermembrane embedded in it. The total action of 
this theory is 



Srotal = Shw + SoM = {SsG + Sym) + {SsM + Swzw + S5) (4.1) 
where Ssg, Sym can be found in [^] and Ssm, Swzw and 55 are given in (|2.3|), ( p. 23 ) and 



(3.33) respectively. In addition to compactifying on S'^/Z2, which takes eleven-dimensional 
supergravity to the Hofava-Witten theory, there must be a second dimensional reduction 
on a real six-dimensional manifold. This space, which reduces the theory from ten- to four- 
dimensions on each orbifold boundary plane, and from eleven- to five-dimensions in the bulk 
space, is taken to be a Calabi-Yau threefold, denoted CY^. A Calabi-Yau space is chosen 
since such a configuration will preserve = 1 supersymmetry in four-dimensions. That 
is, we now consider M-theory, open supermembranes and five-branes on the geometrical 
background 

Mil = RaX CY3 X 57^2 (4.2) 

where R4 is four-dimensional, flat space. 

It is essential that this theory be Lorentz invariant in four-dimensions. Consider a five- 
brane located in the bulk space and oriented parallel to the orbifold fixed planes. It is clear 
that to maintain Lorentz invariance, the manifold of the five-brane must be of the form 

Mg = i?4 X C (4.3) 

where C is a real two-dimensional surface with the property that 

C C CY3 (4.4) 

It was shown in |^] that, in order to preserve = 1 four-dimensional supersymmetry on i?4, 
C must be a holomorphic curve in CY^. Now consider an open supermembrane stretched 
between one orbifold plane and the bulk space five-brane. Any such membrane must have 
an embedding geometry given by 

S = C X / (4.5) 

where C is a real, two-dimensional surface and / C l'S.2 is the interval in the orbifold 
direction between the orbifold plane and the five-brane. Clearly, the requirement of four- 
dimensional Lorentz invariance implies that 

C C CY^ (4.6) 
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Since CY3 is purely space-like, it follows that we must, henceforth, use the Euclidean ver- 
sion of supermembrane theory.^ It was shown in [^] that, in order to preserve = 1 
supersymmetry in four-dimensions, it is necessary to choose C to be a holomorphic curve in 
CY3. Clearly, since S has a boundary in Mg we must have 

S = C X / (4.7) 

In this section, we take the limit as the radius p of becomes small and explicitly 
compute the open supermembrane theory in this limit. The result will be the heterotic 
superstring, coupled to one Eg gauge background and to a Neveu-Schwarz five-brane, em- 
bedded in the ten-dimensional space 

Mio = RiX CYs, (4.8) 

and wrapped around a holomorphic curve C C CY3. 

We begin by rewriting the action ( 3.40| ) for an open supermembrane with boundary 
strings on one orbifold plane and a bulk space five-brane as 

SoM = Tm l^d'ai^detfl,%^VAB " y'^'^MH^cM) 
If 1 

An i appears multiplying the epsilon symbols because we are in Euclidean space. Further- 
more, it is important to note that the requirement that we work in Euclidean space changes 
the sign of each term in ( [4. 91 ) relative to the Minkowski signature action given by ( 3.23| ) and 
(3.33). The boundary terms describe the gauged chiral Wess-Zumino-Witten model on the 
orbifold string and the coupling to the super-two-form on the five-brane string. Since they 
are defined only on the boundary, they are not affected by the compactification on S^/'^2- 
As for the bulk action, we identify 

X^'^ = (4.10) 

and for all remaining fields keep only the dependence on a^,a^. The explicit reduction of 
the bulk action was carried out in to which we refer the reader. Here, we will simply 
state the result. We find that the first part of action ( ^.9[ ) reduces in the small p limit to 
the string action 



^Another reason to Euclideanize the theory is that, in this paper, we will perform the calculation of 
quantum corrections using the path-integral formalism. 
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where 

Ts = Tmttp = (2W)-i (4.12) 

is the string tension of mass dimension two, super-two-form Bra and dilaton superfield (j) 
are defined below and Y is the location coordinate of the five-brane in the 3^/7^2 orbifold 
interval. This coordinate is chosen so that when y — > 0, the length of the open membrane 
shrinks to zero. This important factor arises from the fact that, by assumption, no fields 
depend on intrinsic coordinate cj^ and that 

d^a = da^ j cfa = Y j d^a (4.13) 

Before we can write the total action for the open supermembrane compactified on 5'^/Z2, 
we must discuss the boundary terms in ( |4.9| ). In the limit that the radius p of S"^ shrinks 
to zero, the orbifold fixed plane and the five-brane coincide. Generically, the two different 
boundaries of the supermembrane need not be identified. However, since our supersym- 
metric embedding Ansatz ( [4.10 ) assumes all quantities to be independent of the orbifold 
coordinate, the two boundary strings coincide as the zero radius limit is taken. This has 
further implications beyond the fact that, at low energy, we are dealing with a single string. 
To see this, begin by considering the full orbifold before taking the small p limit and before 
compactifying on CY^. Note that, prior to the embedding Ansatz, the membrane bound- 
ary on the orbifold fixed plane, SSg, can be any two-dimensional subset of Mig. However, 
Ansatz ( 4.10| ) implies that 

aSg C Me C Mio, (4.14) 

where Mg is the induced embedding of the five-brane manifold into Afio. This constraint 
limits the bosonic target space coordinates of SSg to lie in a six-dimensional submanifold 
of Mio and will have important implications that will be discussed later in this paper. Fur- 
thermore, the restriction of SSg to Mg C Mio implies that the five-brane chiral constraint 



(2.33) now applies to the supercharges on 3Sg, in addition to the Z2 induced chiral con- 
straint ( 2.31 ). This reduces from 16 to 8 the number of preserved supercharges on 5Sg. 
The embedding Ansatz, however, prior to taking the small p limit has no effect on the 
coordinates, bosonic or fermionic, of 

Now take the limit that p ^ 0. In this limit, there is no change on 9Sg. However, in 



the small radius limit, the Z2 projection ( |2.3l| ) applies to supercharges on dY,^ in addition 



to the chiral constraint ( 2.33 ), reducing them from 16 to 8. They are given by exactly the 
same supercharges as on 9Sg. The small p limit does not affect the bosonic coordinates of 
9S5 which, by definition, will satisfy dTi^ C Mg C Afig. 
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Note that our analysis of the supercharges of both dT,g and dT,^, in the smah p hmit, 
remains incomplete. As discussed previously, prior to taking p small, the supercharges on 
SSg are further restricted by chiral constraint ( p.37| ) and those on dT,^ by chiral constraint 



(2.36). In the p — > limit, these constraints become identical. This constraint further 
reduces the number of supercharges from 8 to 4. We conclude that, as p ^ 0, the boundary 
strings coincide so that 

C = aSg = (4.15) 

and satisfy 

C cMqC Mio (4.16) 

with four preserved supercharges. These restrictions are important, as we will see below. 
Putting everything together, we find that the resulting action is 

Sc = Ts^^ j d2a(0^detn.-^nfr/AB-^e'^n*n»]BBA) 

If 1 

Ic - K) ■ {^j - Aj) + ie'^ujikj] 



+— / d^aie^^'^ntJCo) - -Ts [ d'^aie'^B.., (4.17) 

where 

n,^ = diZ^E^. (4.18) 

and 

IBMN = CMp^n, </' = E^. (4.19) 
Note that in the last term of ( 4.17| ) we have used ( [4.12| ) and absorbed a factor of l/vrp into the 



definition of the superfield B so that it now has mass dimension zero. For ease of notation, 



we have written (4.17) in terms of the ten-dimensional superembedding coordinates 

Z" = (X*'^G^), (4.20) 

where spinor Q satisfies the Weyl chirality constraint 

i(l-rn)G = 0. (4.21) 

However, as we have just discussed, the superembedding is to be considered further re- 
stricted to 

= Y^= (e-,e^), (4.22) 
where r = 0, 1, . . . , 5 and O satisfies the additional, gauge- fixing conditions that 

^(i + ^roi2345)e = o, ^(i + iroi)G = o. (4.23) 
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The chiral projections in ( [4.21 ) and ( [4.23D reduce the number of independent components 



of spinor G to four. We note in passing that the dilaton superfield satisfies 

51111 = <^'- (4-24) 
This expression will be useful in the next section when discussing low energy moduli fields. 



We recognize the action ( [4.17 ) as that of the heterotic superstring coupled to one Eq gauge 



background, a Neveu-Schwarz five-brane and wrapped on a holomorphic curve C C CY^. In 
this paper, the curve C is restricted to 

C = CP^ = S^. (4.25) 

This follows from expressions ( p.26| ) and ( [4.15 ). 



5 Superpotential in 4D Effective Field Theory: 

It is essential when constructing superpotentials to have a detailed understanding of all 
the moduli in five-dimensional heterotic M-theory. Furthermore, we must know explicitly 
how they combine to form the moduli of the four-dimensional low-energy theory. The 
compactification of Hofava-Witten theory to heterotic M-theory on a Calabi-Yau threefold 



with G-flux, but without bulk five-branes, was carried out in |^, g], and reviewed in |4C]. 
The further compactification of this theory on S^/Z2, arriving at the = 1 sypersymmetric 
action of the effective four-dimensional theory was presented originally in |^ and, again, 
was reviewed in [^]. We refer the reader to these papers for all necessary details. Here, 
we discuss only those relevant moduli not reviewed in namely, the moduli associated 
with the translation of the bulk-space five-brane. We emphasize that, throughout this 
paper, we take the bosonic components of all superfields to be of dimension zero, both in 
five-dimensional heterotic M-theory and in the associated four-dimensional effective theory. 

First, consider the compactification from Hofava-Witten theory to heterotic M-theory. 
This compactification is carried out as follows. Consider the metric 

dsj, = V-^/^gu,dfdf + gtjydfdf, (5.1) 

where y", u = 2, 3, 4, 5, 11 are the coordinates of the five-dimensional bulk space of heterotic 
M-theory, , U = 0,1, 6, 7, 8, 9 are the Calabi-Yau coordinates and is the metric on 
the Calabi-Yau space CYs. The factor y-^/s Q j^g^g 

been chosen so that metric gu(, is 
the five-dimensional Einstein frame metric. The Calabi-Yau volume modulus V = I^(y") is 
defined by 



V = - I V^, (5.2) 

'CY3 



V 
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where g is the determinant of the Calabi-Yau metric g^y^ and is a dimensionful parameter 
necessary to make V dimensionless. 

These fields all must be the bosonic components of specific = 1 supermultiplets in 
five-dimensions. These supermultiplets are easily identified as follows. 

1. Supergravity: the bosonic part of this supermultiplet is 

iguv,-Au, . . .). (5.3) 

This accounts for gu{,. The origin of the graviphoton component Au was discussed in Q. 

2. Universal Hypermultiplet: the bosonic part of this supermultiplet is 

{V,Cum,^,---), (5.4) 

which accounts for the Calabi-Yau volume modulus V. The remaining zero-modes com- 
ponents were discussed in Having identified the appropriate = 1, five-dimensional 
superfields, one can read off the zero-mode fermion spectrum to be precisely those fermions 
that complete these supermultiplets. 

Thus far, we have not said anything about the bulk space five-brane. As discussed in 
Section 2, after fixing the K-gauge the worldvolume theory of the five-brane exhibits (2, 0)- 
supersymmetry. The worldvolume fields of the five-brane form a tensor supermultiplet. 

3. Tensor Supermultiplet: The complete supermultiplet is 

{D^,y^x), p = 6,...,9,ll, (5.5) 

where the field-strength of D^g is anti-self-dual, there are five scalars Y_ and x ^-re the 
associated fermions. For a five-brane oriented parallel to the orbifold fixed planes, four of 
the scalars Y^, p = 6, . . . ,9 are moduli in the Calabi-Yau direction and we can ignore them. 
The fifth scalar Y^^, which we now simply refer to as Y, is the translational mode of the 
five-brane in the orbifold direction and is of principal interest in this paper. All of these 
fields are functions of the six worldvolume coordinates r = 0, 1, . . . ,5. 

We now move to the discussion of the compactification of heterotic M-theory in five- 
dimensions to the effective A^ = 1 supersymmetric theory in four-dimensions. This com- 
pactification, without the five-brane, was carried out in detail in Q and reviewed in ||40[| . 
Here, we simply state the relevant four-dimensional zero-modes and their exact relationship 
to the five-dimensional moduli of heterotic M-theory. The bulk space zero-modes coincide 
with the Z2-even fields. One finds that the metric is 

dsl = R-^guvdy'^dy^ + R^dy'^^f, (5.6) 
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where guv is the four-dimensional metric, R = R{y^) is the volume modulus of l'Z.2 and 
y", u = 2,3,4,5 are the four-dimensional coordinates. The Calabi-Yau volume modulus 
reduces to 

V = V{y-). (5.7) 
It is conventional to incorporate this field into the complex dilaton S as 

S = V + iV2a (5.8) 

where scalar field a was discussed in Furthermore, there are an additional h^'^ (1, 1)- 
moduli, denoted by T^, which arise in the context of superpotentials and were defined in 
detail in Q. Of importance in this paper is a particular linear combination of these (1, 1)- 
moduli, which we denote by T. Modulus T is related to the (1, l)-moduli as follows. 
Recall that the cohomology group H^^'^^ on CI3 has a basis of harmonic (1, l)-forms loj, 
1 = 1,..., /i^'^. These are naturally dual to a basis Cj, I = 1, . . . , h^'^ of curves in 
where 

— [ u;j = 61J. (5.9) 

vc Jci 

We have introduced a parameter vq of mass dimension minus two to make the integral 
dimensionless. Parameter vc can be taken to be the volume of curve C. Any holomorphic 
curve can be expressed as a linear combination of the Cj curves. For example, the curve C 
around which our heterotic string is wrapped can be written 

C = ^ciCi (5.10) 

7=1 

for some complex coefhcients ci, I = 1, . . . , h^'^ . The dual to this expression is the harmonic 
(1, l)-form 



UJC 



-T^— ^c/w/, (5.11) 



i^K=l 1=1 

where 

— [ u;c = l. (5.12) 
vc Jc 

This form can be extended to a basis of H^^'^\ Denote the remaining h^'^ — 1 basis forms 
by uj[, with the property 

T r 

uj'i = 0. (5.13) 



1 

vc Jc 



Now, note from the discussion in [25| that 



i?y-i/3^ ^ RcTV, (5.14) 



1=1 
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where uj is the Kahler form on CYs. Similarly, one can define ReT by 

RV-^'^uj = ReTujc+ (5.15) 

i=l 

Equating these two expressions and integrating over C using (|5.9D, ( ^.lOD , ( |5.12| ) and ( ^.13 ), 
we find that 



Rer = ^c/Rer^. (5.16) 



1=1 



Furthermore, from the discussion in [25| we note that 



S = ^ImrV, (5.17) 



where Bmn = C'mnfi bosonic component of superfield Bmn defined in ( ^.19| ). Similarly, 

one can define ImT by 



i=l 



Integrating these two expressions over C using (|5.9D , (|5.10| ), (|5.12 ) and (|5.13| ), we find that 



ImT = ^c/Imr^ (5.19) 
1=1 

Putting equations ( 5.16 ) and ( |5.19| ) together, we conclude that 

T = YcjT'. (5.20) 
1=1 

The exact form of the four-dimensional = 1 translational supermultiplet of the five- 
brane has to be carefully discussed at this point. It was shown in Q that, when a five-brane 
is compactified to four-dimensions on a holomorphic curve C of genus g, there are two 
types of = 1 zero-mode supermultiplets that arise. First, there are g Abelian vector 
superfields. Since we are concerned with superpotentials in this paper, these superfields are 
not of interest to us and we will mention them no further. The second type of multiplet 
that arises is associated with the translational scalar mode, now reduced to 

Y = Y{y--). (5.21) 

In addition, one must consider the four-dimensional modulus associated with the two- form 
D.rs- This is found by expanding 

^ = 3aa;c, (5.22) 



26 



where a = a{y^). It was shown in [28|, in an entirely different context, that the = 1 
translational supermultiplet of the five-brane is a chiral multiplet whose bosonic component 
is given by 

Y Y 
Y = —ReT + i(a + —ImT). (5.23) 

np irp 

The divisor np renders Y/np and, hence, Y dimensionless. 

It is then easily seen that these modes form the following four-dimensional, = 1 
supermultiplets. 

1. Supergravity: the full supermultiplet is 

{guv^i'^), (5.24) 

where tp" is the gravitino. 

2. Dilaton and T- Moduli Chiral Supermultiplets: the full multiplets are 

iS,Xs), {T',X't), (5.25) 

where 1 = 1,..., h^'^ and A5, are the dilatino and T-modulinos, respectively. In partic- 
ular, the T modulus is the lowest component of chiral superfield 

(T,Ar) (5.26) 

3. Five-Brane Translation Chiral Supermultiplet: the full multiplet is 

(Y,Ay) (5.27) 

where Ay is the associated Weyl fermion. The fermions completing these supermultiplets 
arise as zero-modes of the fermions of five-dimensional heterotic M-theory. The action 
for the effective, four-dimensional, = 1 theory has been derived in detail in Here we 
simply state the result. The relevant terms for a general discussion of the superpotential are 
the kinetic terms for the 5, and Y moduli and the bilinear terms of their superpartner 
fermions. If we collectively denote S, and Y as Y^' , where /' = 1, . . . , h^'^ + 2, and their 
fermionic superpartners as A^', then the component Lagrangian is given by 



C4D = Kj,j,duY' d'^Y' + e^f^ [K' ^ DpWDj,W - 3k;|VF|^ 

+Kj,j,\^'^\^' - e''l^l^{Di,Dj,W)\^'\-^' + h.c. (5.28) 



Here is the four-dimensional Newton's constant, 



Kj,j, = drdj,K (5.29) 
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are the Kahler metric and Kahler potential respectively, and 

BK 

Dj,W = drW + kI-^W (5.30) 

is the Kahler covariant derivative acting on the superpotential W. The Kahler potential, ex- 
cluding the five-brane translational mode Y, was computed in j^. This result was extended 
to include Y in ||2^. In terms of the S, and Y moduli, it is given by 

nlK = -HS + S-^^^^-^)- In U ^ djjK{T + fY(T + fy{T + f)^ 
16 T + T \^rt^^. 



(5.31) 



where r is the dimensionless parameter 

r = nvc{TTpfKl. (5.32) 

It is useful at this point to relate the low energy fields of the heterotic superstring action 
derived in Section 4 to the four-dimensional moduli derived here from heterotic M-theory. 
Specifically, we note from ( [4.24 ) that 



^iin |0=o = |e=o, (5.33) 

and from ( |5.1| ) and (^) that 

dsl^ = --- + R^V-~^l\dy'^^f. (5.34) 

Identifying them implies 

(A |e=o = RV'^''^ ■ (5.35) 

We will use this identification in the next section. 

Following the approach of [26| and |27], we will calculate the non-perturbative superpo- 
tential by computing instanton induced fermion bilinear interactions and then comparing 
these to the fermion bilinear terms in the low energy effective supergravity action. In this 
paper, the instanton contribution arises from open supermembranes wrapping on a product 
of an interval / C l'S.2 and a holomorphic curve C C CYj,. Specifically, we will calculate 
this instanton contribution to the two-point function of the fermions Ay associated with 
the Y moduli. The two-point function of four-dimensional space-time fermions Ay located 
at positions Dx^y^ given by the following path integral expression 

(AY(yi)AY(y!)) = y V^e~'^^^XY{yi)XY{y2) ■ J PZPwe"^^(^''^'^^''^*''*'-'-2s\ (5.36) 
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where Sj^ is the open supermembrane action given in ( [4. 91 ). Here ^ denotes all super- 
gravity fields in the = 1 supersymmetric four-dimensional Lagrangian ( ^.281) and Z, uj 
are the worldvolume fields on the open supermembrane. In addition, the path-integral is 
performed over all supersymmetry preserving configurations, (E^^jCj^^p, AM,®]Kg), of the 
membrane in the eleven-dimensional Hofava-Witten background with a bulk five-brane, 
compactified down to four-dimensions on CY3 x j'S-i- The integration will restore = 1 
four-dimensional supersymmetry. The result of this calculation is then compared to the 
terms in ( 5.2^ ) proportional to (Dy-CyW^)AyAy and the non-perturbative contribution to 



W extracted. 



6 String Action Expansion: 

In this paper, we are interested in the non-perturbative contributions of open supermem- 
brane instantons to the two-point function ( 5. 361) of chiral fermions in the four-dimensional 



effective field theory. In order to preserve = 1 supersymmetry, the supermembrane must 
be of the form S = C x /, where curve C C CY-^ is holomorphic and / C S"^ /1.2- As we 
have shown in previous sections, this is equivalent, in the low energy limit, to considering 
the non-perturbative contributions of heterotic superstring instantons to the same fermion 
two-point function in the effective four-dimensional theory. Of course, in this setting, the 
superstring must wrap completely around a holomorphic curve C C CYs in order for the 
theory to be A^ = 1 supersymmetric. 

Since we are interested only in non-perturbative corrections to the two-point function 
(AY(yi )AY(y2 ))> perturbative contributions to this function, which arise from the inter- 
action terms in the effective four-dimensional action 84^0 in ( |5.36| ) , will not be considered in 
this paper. Therefore, we keep only the kinetic terms of all four-dimensional dynamic fields 
in SiiD- Furthermore, we can perform the functional integrations over all these fields except 
Ay, obtaining some constant determinant factors which we need not evaluate. Therefore, 



we can rewrite (5.36) as 

(AY(yr)AY(y2")) o, j VX^ e- ^ '''y^^^^^ \Y{yt)\Y{y^) 

DZDa;e^'^'^^^''^''^M'l^MN,0,AM,lMs)^ (6.1) 



where Sc is the heterotic superstring action given in (4.17). As we will see shortly, the 
functional dependence of Sq on the fields Ay comes from the interaction between the su- 
perstring fermionic field and the five-brane fermion X (from which Ay is derived in the 
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compactification) . Recall that both of these fermions are Weyl spinors in ten-dimensions.^ 



Clearly, to perform the computation of the two-point fmiction (6.1), we must write the 
action Sq in terms of its dynamical fields and their interactions with the dimensionally 
reduced background fields. This means that we must first expand all superfield expressions 
in terms of component fields. We will then expand the action in small fluctuations around its 
extrema (solutions to the superstring equations of motion), corresponding to a saddle-point 
approximation. We will see that because there exists two fermionic zero-modes arising from 
G, their interaction with the five-brane fermion X will produce a non-vanishing contribution 



to (6.1). Therefore, when performing the path-integrals over the superstring fields, we must 



discuss the zero-modes with care. The next step will be to consider the expression for the 
superstring action and to write it in terms of the complex five-brane translation modulus. 
Finally, we will perform all remaining path integrals in the saddle-point approximation, 
obtaining the appropriate determinants. 

We start by expanding the ten-dimensional superfields in the action Sc in terms of the 
component fields. 

Expanding in Powers of 0: 

In this section, for ease of notation, we take the superembedding coordinates to be Z = 
{X,Q) where (1 — Tn)© = as in ( ^.21| ). The required restrictions of X to ^ and to 
satisfy (1 + iroi2345)0 = 0, as in ( [4.23] ), will be carried out in the next section along with 
further gauge fixing choices. 

We begin by rewriting action Sc in ( |4.17 ) as 



Sc = Ss + S;s + Swzw, (6.2) 

where 

Y 



55(Z;Ef^(Z),BMN(Z),<A(Z)) = Ts— / cfa{cl) J det diZ^E^.Z^E^r^AB 

T^P Jc 



--e'^d,Z'''E^d,Z''E^MM^) (6.3) 

is the supermembrane bulk action dimensionally reduced on / C 

S5(Z; B^(Z)) = '-Ts ^ (fae'^diZ^djZ^O^ (6.4) 

is the action of the boundary string where the membrane meets the five-brane and 

If 1 • 

5vi/w(Z,u;; Am(Z)) = -— cfa tT[-^g'^ {cvi - Ai) ■ {ujj - Aj) + ie'^uJiAj] 

J c 



^Note that in Euclidean space one does not have Majorana-Weyl spinors in ten-dimensions. 
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+ 2^ (6-5) 
is the gauged Wess-Zumino-Witten action on the other boundary string, where 

A, = diZ^Ami^). (6.6) 

Note that this action is a functional of Z(cr) = {X{a),Q{a)). We now want to expand the 
superfields in ( |6.2| ) in powers of the fermionic coordinate @{a). For the purposes of this 
paper, we need only keep terms up to second order in Q. We begin with Ss + S5 given in 



|6.3| ) and (|6.4|). Using an approach similar to [41| and using the results in |42], we find that. 



to the order in Q required, the super-zehnbeins are given by 

K=( "7 K?"(rcz.):e^ (6.7) 

where E^{X{a)) are the bosonic zehnbeins and uj^j^{X{a)) is the ten-dimensional spin 
connection, defined in terms of derivatives of E^{X). We turn off the gravitino background 
in this expression for simplicity. We will discuss below its contribution to the two-point func- 
tion of the fermion related to five-brane translation. The super-two-form fields associated 
with the membrane are, up to the order in required, 

'^MN = BmN — -^4>^^[M^'^^Q^N]CDi 
^Mf, = -i4>0^M&)ii, 

B^^ = 0. (6.8) 



In addition, we rewrite ( 5.35| ) 



</> |e=o= RV~'/\ (6.9) 

Now consider the two-form B]gg associated with the five-brane. Much of the required infor- 
mation can be obtained from the global supersymmetry transformation, which can be read 
off from the five-brane action after choosing the static gauge. The result is 



D.rs — ATj.^© 



-Mil 



0, (6.10) 



where X is the 32-component spinor satisfying (1 — Tii)X = (1 + iToi2345)X = 0. Its eight 
independent components form the spinor x of the (2, 0) tensor multiplet on the five-brane 
world volume Mq. Finally, we find that 

—(j)=—RV'^/^ + ^e, (6.11) 
irp np 
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where we have used ( |6.9D . At this point, motivated by the formalism in |28], we make the 
field redefinition 

X = RV'^/^Xy (6.12) 



Expression (3.11) can then be written as 

—(j) = RV-^/^Y, (6.13) 
np 

where 

Y = — + Xye. (6.14) 

Tip 

Hence, fermion Xy is directly related to the pure translation modulus Y. Substituting these 
expressions into actions ( |6.3| ) and (|674|), they can be written as 

Ss + S5 = So + Se + Se2, (6.15) 

where 5*0 is purely bosonic 

So{X;Ej^{X),D,,{X)) = Tg— j cfa{RV-'/^ J detd.X''' d^X^ Ej^Ej^tiab 

T^P JC 

-]f^d,X'^'d,X''B^M) 



--Ts [ d^ae'^diX'-d,XW,„ (6.16) 

and Sq and Sq2 are the first two terms (linear and quadratic) in the G expansion. Straight- 
forward calculation give^ 

Se{X,e;E^j{X),XY{X)) = Ts j <faRV-^l^ ^ det d^X^ d,X^ E^E^t^ab 

1{XyV-VXy) (6.17) 



and 



Se2{X,e;E^j{X)) = Ts— [ (faRV-^'^Jdei diX^'djX^E^E^r]AB 

T^P Jc ^ 

(g^J +ie'^)@TiDje, (6.18) 



where -D,G is the covariant derivative 



D-e = diO + diX^u;j^''TAB@, (6.19) 



®In a space with Minkowski signature, where the spinors are Majorana-Weyl, the fermion product would 
be XyV. However, in Euchdean space, the fermions are Weyl spinors only and this product becomes the 
hermitian sum ^{XyV — VXy). 
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Ti is the pullback of the eleven-dimensional Dirac matrices 

Ti = 9,X*^rM, (6.20) 

and V is the vertex operator for the five-brane fermion Xy, given by 

V = (1 + ^e'^diX^djX^Trs)®- (6.21) 

The symbol e*-' is the totally antisymmetric tensor in two-dimensions, given in terms of the 
numeric e'-' by 

(6.22) 



Now consider the expansion of the superfields in Swzw given in (|6.5| ). Here, we need only 
consider the bosonic part of the expansion 

If 1 

Sowzw{X,u;;AMiX),E^j{X)) = -— (f a tr:[- ^g'^ {ui - Ai) ■ (to j - Aj) + ie'^Lo^Aj] 

J c 

where Ai{a) = diX^ Am {X (a)) is the bosonic pullback of Am- For example, the expansion 
of Am to linear order in Q contains fermions that are not associated with the moduli of 
interest in this paper. Hence, they can be ignored. Similarly, we can show that all other 
terms in the expansion of Swzw are irrelevant to the problem at hand. 

Note that, in terms of the coordinate fields X and 0, the path integral measure in ( |6.1D 
becomes^ 

VZVuj = VXVeVu. (6.24) 
We can now rewrite the two-point function as 

■ j PXPee"(^o+'^9+^e2) . j pcje^-^o^^. (6.25) 



The last factor 

j Pwe"-^"'^^ (6.26) 

behaves somewhat differently and will be discussed in the next section. Here, we simply note 

that it does not contain the fermion Ay and, hence, only contributes an overall determinant 

to the superpotential. This determinant, although physically important, does not affect 

the rest of the calculation, to which we now turn. To perform the X, B path integral, it is 

essential that we fix any residual gauge freedom in the X and fields. 

'^Since we are working in Euclidean space, the spinor fields Q are complex. To be consistent, one must 
use the integration measure DODO. In this paper, we write the integration measure T>Q as a shorthand for 
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Fixing the X and Gauge: 

As stated at the beginning of the last section, we have, for simphcity, thus far taken the 
superembedding coordinates to be Z = {X, @) where (1 — rii)0 = 0. Henceforth, however, 
we must impose the required restrictions of X to ^ and @ to satisfy (1 + iroi2345)0 = 0. 
In addition, we wih also impose a further choice of gauge. We begin by considering the 
bosonic coordinates. As discussed in Section 3, we must take all values of to vanish 
with the exception of 

X^a)=e{(r), r = 0,l,...,5. (6.27) 

Having done this, it is convenient to fix the gauge of the non-vanishing bosonic coordinates 
by identifying 

X^-' (a) = 6f' a\ (6.28) 

where r' = 0, 1. This choice, which corresponds to orienting the X^ and X^ coordinates 
along the string worldvolume, can always be imposed. This leaves four real bosonic degrees 
of freedom, which we denote as 

X-{a) = y^{a), (6.29) 

where u = 2, . . . ,5. Now consider the fermionic coordinate fields Q. First make an two-eight 
split in the Dirac matrices 

rA = (Ta'®7,l®7a")> (6-30) 

where a' = 0, 1 and a" = 2, ... ,9 are flat indices and r^' and ja" are the two- and eight- 
dimensional Dirac matrices, respectively. Then Fn = — zFqFi • • • Fg can be decomposed 
as 

Fii = f(g)7 (6.31) 



where 7 = 7273 • • • 79 and 



More explicitly. 



Also note that 



, 1 \ 

-iron = { \. (6.32) 

-1) 



Fii = ' . (6.33) 




iroi2345 = • (6.34) 
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In general, the Weyl spinor Q can be written in a generic basis as 



G 



However, as discussed previously, satisfies 



(6.35) 



Tj-^G = 9 and iroi23450 = ©, 



so that the first condition implies 



and the second one gives 



7G1 = Gi, 



72345Q1 = Gi, 



7G2 = — G2 



72345G2 = — Q2 



5.36) 



(6.37) 



(6.38) 



From the first equation of ( |6.36| ), we conclude that G is in the representation 16^ of SO{10). 
In the presence of the five-brane, SO{W) is broken to 50(4) x 50(6) w SU{2) x SU{2) x 
50(6) under which 

16+ = (2+, 1,4+) 0(1,2-, 4-). (6.39) 



The second projection in (6.36) then implies that G is in the representation (2+,l,4+). 
Here, the it on 2 denote 5'0(4) chirality and the it on 4 denote SO (6) chirality. Under the 
bosonic gauge fixing = and = a^, S0{6) is reduced to 50(4) x SO{2), for which 



2" (g) 1". 



(6.40) 



Having applied all the chirality constraints, we can now discuss the decomposition of G 
under the fermionic gauge fixing conditions. 

Recall from our discussion of K-symmetry in Section 2 that, because we can use the k- 
invariance of the worldvolume theory to gauge away half of the independent components of 
G, only half of these components represent physical degrees of freedom. For the superstring 
in Euclidean space, we can define the projection operators 



and write 



G = P+G + P_G. 



(6.41) 



(6.42) 



Now, note from (^^) that P+Q can be gauged away while the physical degrees of freedom 
are given by P_G. Using (|6^) , it follows that G2 in (|05|) can be gauged to zero, leaving 
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only 01 as the physical degrees of freedom. We thus can fix the fermion gauge so that 

(6.43) 




where satisfies 

10 = , 72345^ = 0, (6.44) 
and transforms in the representation 

(2+,l,2+,l+) (6.45) 

under SU{2) x SU{2) x 50(4) x S0{2). This corresponds to choosing 1+ under the 50(2) 
chirality of the string worldsheet, which implies that the physical is the right-moving 
mode. We conclude that the physical degrees of freedom contained in Z = (X, 0) are 

y^{a), 0^{a), (6.46) 

where u = 2,..., 5 indexes i?4, ^ = 1,2 is the SU{2) index and a denotes the of 



the 50(4) symmetry of i?4. Therefore, the X,Q path-integral measures in (|6.25| ) must be 
rewritten as 

VXVQ oc VyVe, (6.47) 

where there is an unimportant constant of porportionality representing the original gauge 
redundancy.^ 

Equations of Motion: 

We can now rewrite the two-point function ( |6.25 ) as 



(AY(2/r)AY(2/2")) « |pAYe-/'^'^^-^^-AY(y?)AY(y2") 

• j PyPeie-^^o+^Q+^e^) . j p^;e"^o'^^. (6.48) 

In this paper, we want to use a saddle-point approximation to evaluate these path-integrals. 
We will consider small fluctuations 5y and 60 of the superstring degrees of freedom around 
a solution yo and to the equations of motion 

y = yo + 6y, = 0o + 69. (6.49) 



However, before expanding the action using ( |6.49 ), we need to discuss the equations of 



motion for the fields y and 6, as well as their zero- modes. 
*Here, again, we write T>9 as a shorthand for T>9T>9. 
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Consider first the equations of motion for the bosonic fields y{cr). The bosonic action 



( 6.16 ) can be written as 

So = Ts— [ d^a{RV-'/^ y^d^ + y^bi,) -Ts [ d^a'-e'^d^j, (6.50) 
T^P Jc " ' 2 ' Jc ^ 

where 

gij = diX^djX^grs, bij = d^x^djX^Brs, di^ = d^x'-d,xm^. (6.51) 

We now assume that the background two-form field Bmn{X) satisfies dB = 0. This can 
be done if we neglect corrections of order a' . Then, locally, B = dA, where A is a one- 
form. Thus, the second term in ( |6.50| ) can be written as a total derivative and so does not 
contribute to the equations of motion. Next, note that, similarly, the five-brane two-form 
Dj.g(X) satisfies dD = 0. This can be seen as follows. Recall from ( p. 21 ) that {dD_)rst = ^rst- 
However, the field components Cmnp vanish in the low energy limit of heterotic M-theory 
because of their Z2 properties. The result then follows. Therefore, locally, D = dA, where 
A is a one- form. Hence, the third term in ( 6.50| ) can also be written as a total derivative 
and so does not contribute to the equations of motion. Varying the action, we obtain the 
bosonic equations of motion 

iydit^/'afcX^a^x^^ 

-dki^/d^jg'^^diX^grt) = 0, (6.52) 

where g^^ is the inverse of the induced metric gij, g^^ gjk = ^l- Now fix the bosonic gauge 
(6.28) and choose a system of coordinates such that the metric tensor restricted to the 
holomorphic curve C can be written locally as 

9rs \c= \ , (6.53) 



luv 



r/t, 

where rjuv is the flat metric of i?4. Then equation ( 6.52| ) becomes 

dk (y^d^5'^,6i,h^'^'diy^) = 0. (6.54) 



Next, consider the equations of motion for the fermionic degrees of freedom. In action 
( |6.3| ) the terms that contain are ( 6.17] ) and ( |6.18| ), whose sum can be written as 

2Ts— [ d^aRV-^/'^^/d^t^erDie + lTs [ d^aRV-^^^^/detg~j{XYV -VXy), (6.55) 

where we have fixed the gauge as in ( 6.28 ) and ( 6.43| ), so that V is given by 

V = {i+'-e'^diX'-djX^Trje 

= 26 (6.56) 
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It follows from the gauge fixing condition ( 6.43 ) that only half of the eight independent 



components of the five-brane fermion Xy couple to the physical degrees of freedom in Q, 
namely 

P+Xy = ^(1 + iroi)XY = X+. (6.57) 
In fact, the equations of motion for are given by 

2—rDoiQo = (6-58) 
up 



where we have used ( 6.30| ) and 



DoiQo = diQo + 5joj/''Tf^lQ^. (6.59) 
Of course, we must consider only the physical degrees of freedom 9q in Oq. 

Zero-Modes: 

The saddle-point calculation of the path-integrals T)y and T)0 around a solution to the 
equations of motion can be complicated by the occurrence of zero-modes. First consider 
bosonic solutions yQ^a), u = 2, ... ,5 of the equations of motion ( |6.54| ). By construction, 
all such solutions are maps from a holomorphic curve C to i?^. Clearly, these can take any 
value in i?4, so we can write 

yo = (6.60) 

where are coordinates of i?4. Therefore, any solution yQ{(j) of the equations of motion 
will always have these four translational zero-modes. Are additional zero-modes possible? 
To avoid this possibility, we will assume in this paper that 

C = = S^, (6.61) 

where S'^ are rigid spheres isolated in CY^. It follows that for a saddle-point calculation of 
the path-integrals around a rigid, isolated sphere, the bosonic measure can be written as 

Vy"" = (fxVSy'^, (6.62) 

where we have expanded 

2/" = 2/0+^2/" (6.63) 

for small fluctuations 



Now consider fermionic solutions of the equation of motion ( 6.58 ). To any Qq can 



always be added a solution of the homogeneous six-dimensional Dirac equation 

VDoiQ' = 0. (6.64) 
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This equation has the general solution 

G' = ??Or/_, (6.65) 

where rj- is the covariantly constant spinor on CYs, which is broken by the embedding 
of the membrane as discussed in [^], restricted to C and is an arbitrary Weyl spinor 
satisfying the Weyl equation in R^. Note that ?? has negative four-dimensional chirality, 
since 0' satisfies (1 — rii)0' = 0. Therefore, any solution 9q of the equations of motion will 
always have two complex component fermion zero-modes a = 1,2. The rigid, isolated 
sphere has no additional fermion zero-modes. Hence, for a saddle-point calculation of the 
path integrals around a rigid, isolated sphere the fermionic measure can be written as 

Ve = M^d'd'^V5e, (6.66) 

where we have expanded 

9 = 90 + 66 (6.67) 

for small fluctuations 69. To conclude, in the saddle-point approximation the y, 9 part of 
the path integral measure can be written as 

Vy''V9 = d'^x dd^d-d"^ V6y''V69. (6.68) 
Saddle-Point Calculation: 

We are now ready to calculate the two-point function ( |6.48 ), which can be rewritten as 



(AY(yr)AY(y2")) « j VX^ e- '''y^^^^^ \Y{yt)\Y{y^) 

d^x d'd^d'd'^ V6y''V59 e-('^o+^©+^e2) 

Substituting the fluctuations (|6.49| ) around the solutions yo and 9q into 

5 = 5o + 5e + 5©2, (6.70) 



we obtain the expansion 



where, schematically 



S = So + S2, (6.71) 
Sq = S lyo^gQ (6.72) 
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and 

S2 = m'' + 20 (5ySS) + II |.,„„ (6.73) 

The terms in the expansion hnear in 6y and 69 each vanish by the equations of motion. 
To avoid further comphcating our notation, we state in advance the fohowing simphfying 
facts. First, note that all terms in ^2 contribute to the two-point function to order a' on the 
superstring worldsheet. Therefore, we should evaluate these terms only to classical order in 
Uq and ^0- To classical order, one can take = since, to this order, the background 



field on the right-hand side of ( |6.58| ) vanishes. Therefore, 52 simplifies to 
It is useful to further denote 



where 



and to write 



with 



5o = cS^^ + 5o^ (6.75) 
'^0 = ('S'o) \yo, Sq = {Se + Sq2) ly^^oo, (6-76) 

52 = cS| + 52^ (6.77) 



We can then rewrite two-point function (|6.69|) as 

(AY(yr)AY(2/^)) oc jv\Ye-S'''y^^^^^\Y{y\)\Y{y^) 



■ j V5y'' e-'^2 . j vse e'^' . j Vuj e-'^'ow-^ . (6.79) 

We will now evaluate each of the path-integral factors in this expression one by one. We 
begin with J d'^x e~'^o . 

The Term: 



It follows from ( 6.76| ) that Sq is simply So, given in ( 6.50| ) and ( 6.51| ), evaluated at a solution 



of the equations of motion i/q. That is 

Sy = Ts— [ d^a{RV-'/^./d^ + y^bij) + '-Ts [ d^ae'^d,j, (6.80) 
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where 



9ij = diV^djy^gr 



dij = diV^djy^D^ 



(6.81) 



Let us evaluate the term involving gij. To begin, we note that 



(6.82) 



where the first term is obtained from the second using the worldvolume metric equation of 
motion. Noting that gij is conformally flat and going to complex coordinates z = + ia^, 
z = — ia^, it follows from ( 6.821 ) that 



a y/det gij 



1 



d^zdzV^dzV^uir 



1 



(6.83) 



where uJrs = igrs is the Kahler form restricted to C. Using the expansion ( 5.15| ) and the 



orthonormal conditions (|5.12| ), ( ^.13|) , it follows from (3.83) that 

/ d^aRV-^/'^^/d^g~'j = —ReT. 
J c 



Next consider the second term in (6.80) involving bij. Note that 



- / d^ae^^hij = - I d^ zd^^y^dzy^Brs = 77 / d^zB, 



Recall from (|1|) that 



Bzz = ImTuJczz + 



(6.84) 



(6.85) 



(6.86) 



where the dots indicate terms that vanish upon integration over C. It follows from ( ^.12[) 
and ( |6.85 ) that 

d^ae'^hij = l^vchnT . 



(6.87) 



Finally, consider the third term in ( |6.80| ) involving d^j. First, we note that 



d^ae'H, 



Remembering from ( 5.22 ) that 



d^ zdzy^dsyf^D^ 



D.ZZ = ^auJCzz, 



d^zD, 



it follows from (|1|) and ( |6^ that 



- / d^ae'^dij = -^vca. 



Putting (|]8|), (1^871 ) and (lOOl) together in (|6!80| ), we see that 



'^0 



T / Y Y \ 
- — ReT + i{a H ImT) , 



2 y-irp 



np 



(6.89) 



(6.90) 



(6.91) 



41 



where 

T = Tsvc = Tmttpvc (6.92) 
is a dimensionless parameter. Recalling from ( 5.23| ) that the Y modulus is defined by 



Y Y 
Y = —ReT + i(a + —ImT), (6.93) 
TTyO np 



it follows that we can write Sq as 



We conclude that the J df^xe factor in the path-integral is given by 



(6.94) 



(6.95) 



We next evaluate the path integral factor J d-d^d'd'^e o. 

The iSq Term and the Fermionic Zero-Mode Integral: 

It follows from (6.76) that 5q is the sum of 5*0 and 502, given in (6.55), evaluated at a 
solution of the equations of motion y^, 6q. Varying ( |6.55 ) with respect to leads to the 
equation of motion (6.58). Inserting the equation of motion into ( |6.55| ), we find 



(6.96) 



As discussed above, any solution Qq can be written as the sum 



Go = 90 + e', (6.97) 
where 0' is a solution of the purely homogeneous Dirac equation ( |6.64| ) and has the form 



( 6.65 ). Since, in the path-integral, we must integrate over the two zero-modes t?", q = 1,2 
in G', it follows that terms involving Go can never contribute to the fermion two-point 
function. Therefore, when computing the superpotential, one can simply drop Go. Hence, 



5o is given by ( |6.96|) where Go is replaced by G'. 

Next, we note that the Kaluza-Klein Ansatz for the ten-dimensional fermion Ay is given 

by 

A'y = -iAy ®7?_, (6.98) 

where Ay (i/") are the fermionic superpartners of the complex modulus Y with four-dimensional 
negative chirality. Using ( |6.65|) and ( |6.98|) , one can evaluate the product XyQ', which is 
found to be 

XyO' = -i ■ (Ayi?), (6.99) 
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where Ay!? = Aya'!?" and we used the fact that the CY3 covariantly constant spinor r/_ is 
normahzed to one. Substituting this expression into (|6.96| ) and using ( 6.84 ) then gives 



= TReT\Y^. (6.100) 

However, we are note quite finished. Thus far, in this section, we have ignored the gravitino 
for notational simphcity and because we have presented the gravitino formahsm in detail 
in 1 25]. Using that formahsm, it is straightforward to compute the contribution of the 



gravitino to 5q, which we find to be 



Y 

T—Xt-O, (6.101) 



where Xj- is the fermionic superpartner of modulus T discussed in Section 5. Combining 
( 6. loop with ( 6.101 ), we have the complete result that 



5^ = TXy^, (6.102) 

where 

Ay = ReTAy + YXt (6.103) 

is the fermionic superpartner of modulus Y. It is gratifying that this expression for Ay, as 
well as expression ( |6.93| ) for Y, are consistent with those found, in a different context, in 
|28|. It follows that the / dd^dd^ e~^o factor in the path-integral is 

=/..M.=e-"v'. (6.104) 

Expanding the exponential, and using the properties of the Berezin integrals, we find that 

d^^d^'^e-^' = — Ay Ay, (6.105) 

where we have suppressed the spinor indices on Ay Ay- Collecting the results we have 
obtained thus far, two-point function ( |6.79| ) can now be written as 

(AY(yr)AY(y^)) oc j VX^ ^ "'y^^^^^ XY{y't)XY{y^) 
■J /xe-?^(^) Ay(x)Ay(x) 

• j Vdy"" e"*^" • j V5e e'^' ■ j Vuj e'^'"'^^ . (6.106) 
Next, we evaluate the bosonic path-integral factor J Ddy'^e 2 . 
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The iS| Quadratic Term: 

It follows from ( |6.78D that 51 is simply the quadratic term in the y = yo + Sy expansion 
of So, given in ( |6.50| ) and ( |6.51 ). Note that Sq + Sq2 does not contribute since the second 



derivative is to be evaluated for Oq = 0. Furthermore, since this contribution to the path- 
integral is already at order a' , Sq should be evaluated to lowest order in a' . As discussed 
above, to lowest order dB = and, hence, the bij term in ( 6.50| ) is a total divergence which 



can be ignored. In addition, as discussed above, dD_ = and, thus, the d^j term in ( |6.50|) is 
also a total divergence which can be ignored. Performing the expansion in what is left, we 
find that 

^2 = ^ d^aRV-'/^./d^j Q5'' (A5y")(Z?i<5y'')r?,,) . (6.107) 

The induced covariant derivative of 6y is a simple ordinary derivative 

A^y" = di6y^ + uj^M = ^^^y\ (6.108) 

since the connection components vanish along R^. Integrating the derivatives by parts then 
gives 

^2 = Ts^J^d^cjRV-^'^(^-Uy''[rju.^g''JV,djW^ (6.109) 

where the symbol indicates the covariant derivative with respect to the worldvolume 
connection on C. Generically, the fields R,V and Y are functions of x". However, as 
discussed above, at the level of the quadratic contributions to the path-integrals all terms 
should be evaluated at the classical values of the background fields. Since R, V and Y are 
moduli, these classical values can be taken to be constants, rendering YRV^^^^ independent 
of x". Hence, the factor Ts-^RV~^f^ can simply be absorbed by a redefinition of the 5y^s. 
Using the relation 



V5y i ''^y^'y oc ^ (6.110) 
vdet O 



we conclude that 



where 



/ 



VSy'^e^^' cx , ^ (6.111) 
vdet Oi 



Oi = vuvVag^'^idj (6.112) 

We next turn to the evaluation of the / 1)59 e~^^ factor in the path-integral. 
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The 1S2 Quadratic Term: 



It follows from (6.78) that ^2 is the quadratic term in the 9 = 9q + 69 expansion of 502, 
given in ( |6.18D . Note that 5*0 + does not contribute. Performing the expansion and 
taking into account the gauge fixing condition, we find that 

Sl = 2Ts— [ (faRV-^/^^/detgTjSerDiSe. (6.113) 
Jc 

One must now evaluate the product 6@T^DiSQ in terms of the gauged-fixed quantities 69. 
We start by rewriting 

5erDi6e = g'^djX^6QTrdi6e 

+g'^djX^diX^u;/^6errTAB6e, (6.114) 

where A = {a', a") and we have used the restrictions on fields X^'^{a). After fixing the 
gauge freedom of the bosonic fields X-{a) as in ( |6.28 ), expression ( |6.114 ) becomes 



6erDi6e = g'^fe^',6eTa'di6e + g'^ej'djy''6erkdi6e 
+g'^6f e^,6fu;J''6QT,,TAB6Q 

+g'^e^^djy^6fojJ''6eTkTAB6e, (6.115) 

where k = 2,3,4,5 are flat indices in R4. We see that we must evaluate the fermionic 
products 

6@ra'di6e, 6@rkdi6e, 6era'TAB6e, 6@rkrAB6& (6.116) 

in terms of 66. After fixing the fermionic gauge according to ( |6.43| ), we can compute the 
relevant terms in the expression ( |6.115 ). Consider a product of the type 6@M6@, where M 



is a 32 X 32 matrix-operator, 

M = I 

Ms Mi 



. Ml M2 , 

M = I . (6.117) 



Using ( 6.30| ) and ( |6.43| ), we have 

6eM6e = 6eUd6e = 69^Mi69 (6.118) 



Therefore, using (6.30), we have the following results 



6eTa'di6e = 0, 6era"di6e = 6e^-fa"di69, 

6QTa'Tb'c'6Q = 0, 6QTa'Tf,ia"6Q = {6a'b' - i£a'b')66^a 

6QTaiTa"b"6Q = 0, QTa"Ta'b'Q = -iea'b'S0ha"SO, 

6QTa"Ta'b"6@ = 0, 6@ra"Tb"c"6@ = 69'^ "fa" 7b" c" 69, 



(6.119) 
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with a" = (k, K), k = 2,3,4,5 are flat indices in ii4 and K = 6,7,8,9 are flat indices in the 
supspace CY± C CY3 orthogonal to C. Substituting these expressions into (|6.115 ) yields 



+g'^6fe^,6fu;J''{6a'b' - iea'b')6ehK6e. (6.120) 
Then ( |6ll3|) becomes 

5| = 2Ts— [ d^aRV-'/-'69^^g'^eJ'd,y-[jA-i6fu:^:''Ea'bnk 

T^P JC 

+SfLO^'^jklKL] + Vsg''Sfe^:sfLoJ^'''{6a'b' - iea'b'hK}Se. (6.121) 

As discussed in the previous section, at the level of the quadratic contributions to the 
path-integrals, all terms should be evaluated at the classical values of the backgound flelds. 
Therefore, the factor 2Ts^RV~'^^^ can be absorbed by a redefinition of the 69's. Next, we 
use the relation 

J V6e ^''^^^^^'^^ oc det O. (6.122) 

Note, however, that when going to Euclidean space, we have doubled the number of fermion 
degrees of freedom. Therefore, one must actually integrate over only one half of these degrees 
of freedom. This amounts to taking the square-root of the determinant on the right-hand 
side of ( |6T2^ ). Hence, we conclude that 

j V69e-^2 oc Vdet^, (6.123) 

where 

+jK6fe^:6fu;J''{6a,y - iSa't')}- (6.124) 

Note that because of the projections (|6.44| ) that reduce the number of independent com- 
ponents of from 16 to 4, the operator ^ must be projected accordingly. We implicitly 
assume this. 



Collecting the results we have obtained thus far, two-point function ( 6.79 ) can now be 
written as 

(AY(yr)AY(y2")> « • I^Ay e-/'^'^^-^^-AY(yr)AY(y^) 

p^g-Sowzw_ (6.125) 



It remains, therefore, to evaluate the J Voj e ^^wzw factor in the path-integral, which we 
now turn to. 
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7 The Wess-Zumino-Witten Determinant: 



In this section, we will discuss the Eg Wess-Zumino-Witten part of the action, its quadratic 
expansion and one loop determinant. Here we follow the exposition in |^5| closely. 
Recall from ( |6.23| ) that the relevant action is 

If 1 ■ • 

Sowzw = --^ / d^<^ tT[-^g'^{uJi - Ai) ■ [uj - Aj) + ie^'^UiAj] 
J c 

+— / (i^die''^'^ni,JCj), (7.1) 
247r 7b ^^'^ ^ ' 

where u) = g^^dg is an Eg Lie algebra valued one- form and g is given in (|3.19| ). In order to 
discuss the equation of motion and the chirality of this action, it is convenient to use the 
complex coordinates z = + i(J^, z = — ia^ on C and to define the complex components 
of A by ^ = Azdz + Azdz. Then action (|7.l| ) can be written as 

Sqwzw = --^ j d^zii{g~^dzgg~^dzg-2Azg~^dzg + A2Az) 

^W. \/-^^^^- (7-2) 
It is useful to define the two Eg currents 

Jz = {D-.g)g-\ J, = g-^D,g, (7.3) 

where Dz and are the Eg covariant derivatives. In order to perform the path-integral 
over uj, it is necessary to fix any residual gauge freedom in the lo fields. Recall from the 
discussion in Section 3 that the entire action is invariant under both local gauge and modified 
-transformations, (5l and respectively. It follows from ( p.21| ) and (3.14) that 



6kg = gi'^A. (7.4) 

It is not difficult to show that using this transformation, one can choose a gauge where 

Jz = 0. (7.5) 

Henceforth, we work in this chiral gauge. It follows from that the g equations of 

motion are 

d,Jz = 0, DzJ, + Fz, = 0, (7.6) 



where Fzz is the Eg field strength. Note that this is consistent with the gauge choice ( |7.5[ ) 
and, hence, that the first equation in ( |7.6| ) is vacuous. Thus, the on-shell theory we obtain 
from the gauged Wess-Zumino-Witten action is an Eg chiral current algebra at level one. 
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The level can be read off from the coefficient of the Chern-Simons term in (|7.2| ). We would 
now like to evaluate the Wess-Zumino-Witten contribution to the path-integral using a 
saddle-point approximation. To do this, we should expand g as small fluctuations 

9 = 90 + ^9 (7.7) 

around a classical solution go of ( |7.6| ). However, it is clearly rather difficult to carry out the 
quadratic expansion and evaluate the determinant in this formalism. Luckily, there is an 
equivalent theory which is more tractable in this regard, which we now describe. 

As discussed in [^], if the gauge field background is restricted to lie within an SO{16) 
subgroup of £"8 , then the equivalent action is given by the free fermion theory coupled to the 
SO (16) gauge field background. As described in [^5|, realistic heterotic M-theory models 
can always be chosen to have the gauge instanton within the 50(16) subgroup of Eg. Here, 
we consider only such restricted backgrounds. We can now write the action for 50(16) 
fermions coupled to background gauge fields. It is given by p7|-|51| 



S^ = j^d^arpA^' (7.8) 

where ip'^ denotes the set of 50(16) fermions with a, = 1, . . . , 16 and 

Ijr^ = ^t\D,5'^' - Af) (7.9) 

is the covariant derivative on C with Af' the set of 50(16) background gauge fields. The 
matrices are the Dirac matrices in two-dimensions. It follows from the above discussion 
that we can write 

j Pcje"-^"^™' oc j V^^e'^^, (7.10) 

where the gauge fixing of variable to described by ( |7.5| ) is inherent in the ip°' formalism, as 
we will discuss below. The equations of motion are given by 

= 0. (7.11) 

We now expand 

V'" = Vo + '^V'" (7.12) 



around a solution ipQ of ( 7.11 ) and consider terms in up to quadratic order in the 
fluctuations Si/j"". We flnd that 

•S"^ = So^ + S21P, (7.13) 

where 

So^ = J^d^aroP'M (7.14) 
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and 

= j (fa5i>''ipi5i:\ (7.15) 

The terms linear in 5ij) vanish by the equations of motion. It fohows immediately from 
( 7.11 ) that 5o^ = 0. Then, using ( |6.122| ), one finds from ( [7.15 ) that 

j Vdip^e-^^ oc Vdet^. (7.16) 

Note, again, that by going to Euclidean space we have doubled the number of fermionic 
degrees of freedom. Therefore, one must actually integrate over only one half of these 
degrees of freedom. This requires the square-root of the determinants to appear in ( [7.16 ). 
It is important to discuss how the chiral gauge fixing condition (|7.5| ) is manifested in the ■0" 
formalism. Condition ( [7.5| ) imposes the constraint that g couples only to the Az component 
of the gauge fields and not to A^. It follows that in evaluating det IpA-, we should keep only 
the Az components of the gauge fields. That is, we should consider the Dirac determinants 
of 5'0(16) holomorphic vector bundles on the Riemann surface C. Gauge fixing condition 
( |7.5| ) also imposes a constraint on the definition of determinant deilpA as follows. Recall 
that on the Euclidean space C, each spinor is a complex two-component Weyl spinor 

^ = I I • (7.17) 



Rescaling this basis to 




and using the standard representation for t^,t^ then, locally, one can write 




zz) ^^^^ 



(7.18) 



D^A , 

JpA=\ ^ , (7.19) 

D+A 



where 



D-A = {9z-zf/' [igz-z)-'/'§-^{9z,)'^' - Az^ , D+A = i9z-z)'^'§--- (7-20) 

Since the operator JpA must be Hermitean, it follows that D+a = D^-a- ^ow, in addition 
to disallowing any coupling to Az, gauge condition ( [7.5[) imposes the constraint that 

V'+ = (7.21) 

for all a = 1, ... , 16. Then, using the fact that 



det ]pA = Vdet(^AF (7-22) 
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and gauge condition ( 7.21 ), we see that the proper definition of the determinant is 



det pA = \j det dI^D_a- (7.23) 

In this paper, it is not necessary to determine the exact value of det-^A- We need only 
compute whether it vanishes or is non-zero, and the conditions under which these two 
possibilities occur. To do this, we must examine the global properties of the holomorphic 
vector bundle. As we did throughout the paper, we will restrict 

C = CF^ = S^. (7.24) 

With this restriction, the condition for the vanishing of det f)A can be given explicitly, as 
we now show. 

It follows from ( [7.21 ) that the chiral fermions realizing the 50(16) current algebra 



are elements of the negative chiral spinor line bundle S- of the sphere. Note from ( [7.19 ) 



that D^A is the part of the Dirac operator which acts on With respect to a non-trivial 
5*0(16) holomorphic vector bundle background A, the complete operator we should consider 
is 

D_A : S-0A^ S+^A, (7.25) 

where 5+ denotes the positive chiral spinor bundle on the sphere. This is the global de- 
scription of the local D^a operator defined in (7.19) and ( [7.20D . In order to have nonzero 



determinant det IpA, it is necessary and sufficient that D^a should not have any zero- modes. 
This follows from the index theorem which, for 50(16), implies that 

cokerl?!^ = keiD_A- (7.26) 

As was shown in [^^, D_a does not have any zero-modes if and only if the restriction 
of the 50( 16) holomorphic vector bundle ^ to C is trivial. Therefore, in order to have a 
non-zero superpotential for the five-brane, we must have a special type of the gauge bundle 
on the Calabi-Yau threefold. Bundles of this type are straightforward to construct. We will 
present a number of phenomenologically relevant examples in a forthcoming paper [52|. 



8 Final Expression for the Superpotential: 

We are now, finally, in a position to extract the final form of the non-perturbative superpo- 
tential from the fermion two-point function. Combining the results of the previous section 
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with expression (|6.125| ), we find that 



■ J d^xe-^^^""^ Xy{x)Xy{x). (8.1) 



Comparing this with the purely holomorphic part of the quadratic fermion term in the 
four-dimensional effective Lagrangian ( ^.28 ) 



(9y9yVF)AyAy, (8.2) 

we obtain 

V^det( 



In this expression, the dimensionless field Y is defined by 

Y = — ReT + i(a + — ImT), (8.4) 

where Y and a are the translational and axionic moduli of the five-brane respectively and 
r is the complex (1, l)-modulus associated with curve C. T is a dimensionless parameter 
given by 

T = Tmttp vc, (8.5) 

with T]\j the membrane tension and irp the /I.2 interval length. The operators Oi and 
^ are presented in ( |6.112| ) and ( 6.124]) , respectively. The operator and its determinant 



det ]pA are defined in (|7.9|) , ( [7.19 ), ( 7.20 ) and ( 7.231) . This determinant and, hence, the 



superpotential W will be non- vanishing if and only if the pullback of the associated 5*0(16) 
holomorphic vector bundle A to the curve C is trivial. All the determinants contributing to 
W are non-negative real numbers. We emphasize that W given in (|8.3| ) is the contribution 
of open super membranes wrapped once around Cxi, where C = 5^ is a sphere isolated 
in the Calabi-Yau threefold CY3 and / C The generalization to supermembranes 

wrapped once around I but n-times around C is straightforward. One simply replaces the 
exponential term in (^]^) by 

e-—^. (8.6) 

Further generalizations and discussions of the complete open supermembrane contributions 
to the non-perturbative superpotential in heterotic M-theory will be presented elsewhere 
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A Notation and Conventions: 



We use a notation such that symbols and indices without hats represent fields in the ten- 
dimensional fixed hyperplanes of Hofava-Witten theory (as well as the two-dimensional 
heterotic string theory) , while hatted indices relate to quantities of eleven-dimensional bulk 
space (and the three-dimensional open membrane theory). In addition, underlined symbols 
and indices refer to the five-brane worldvolume. 

Bosons: 

For example, 

X^, M = 0,l,...,9, and X^, M = 6, i, . . . , 9, 11, (A.l) 

are, respectively, the coordinates of ten- and eleven-dimensional spacetimes. We do not 
change notation when switching from Minkowskian signature to Euclidean signature. 
Eleven-dimensional space is, by assumption, given by 

Mil = Ra^ CY3 X S^/Z2, (A.2) 

while the ten-dimensional space obtained by compactifying it on is, clearly, 

Mio = R4X CYs. (A.3) 

The membrane worldvolume S is decomposed as 

S = C X /, (A.4) 

where the holomorphic curve C lies within CY3 and I C 57^2 • 

The two-dimensional heterotic string theory is represented by fields with worldsheet 
coordinates cr', with i = 0, 1. Bosonic indices of ten-dimensional spacetime are split into 
indices parallel to the worldsheet (m' = 0, 1) and indices perpendicular to it {m" = 2, ... ,9). 
The space normal to the worldsheet is an eight-dimensional space. Since it is assumed that 
the worldsheet is wrapped on a curve C contained in the Calabi-Yau threefold CY3, these 
eight directions can be split in two sets of four. The first set parametrizes the subset 
CY± C CY3, which is normal to curve C. The coordinates are denoted , U = 6,7,8,9. 
The second set consists of the coordinates y", n = 2, 3, 4, 5 of R4. 

The five-brane worldvolume Mg is embedded in Miq as 

Mio = CY± X Me, (A.5) 
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where 

Mq = R4X C. (A.6) 

Indices in the five-brane super-worldvolume are given by M = {r, with r = 0, 1, . . . , 5 and 
/i = 1, . . . , 16. Note that one has a (2, 0)-supersymmetry on the five-brane worldvolume. 
Coordinates of CY3 are denoted by 



with [7 = 0,1,6,7,8,9, r' = 0, 1, 
or, using the complex structure notation, 



y™, m = 1,2,3, m = 1,2,3. 



(A.7) 



The bosonic indices in ( [A.lD -( |Al8| ) are coordinate (or "curved") indices. The corre- 
sponding tangent space (or "flat") indices are given in the following table. 



Mio 


Mil 


Me 


C 




i?4 




M,N 


M,N 




r',s' 


m",n" 


U, V 


u,v 


A,B 


A,B 






a", b" 


k,l 


K,L 



where M_|_ is the subspace of Miq perpendicular to C. 
Spinors: 

In ten-dimensional spacetime with Euclidean signature, the 32 x 32 Dirac matrices Ta satisfy 

{Ta,Tb} = 2ijab (A.9) 
or, with curved indices, (since Ta = g^Tm) 

{Tm,Tn} = '^Qmn- 

One defines ten-dimensional chirality projection operators |(1 it Tn), where 

Til = -iToTi • • - Tg. 
A useful representation for Ta is given by the two-eight split 

Ta = (Ta' ®7,l®7a"), (A.12) 

where the two-dimensional Dirac matrices ro,Ti and their product defined by f = —itqti 
are explicitly given by 



(A.IO) 



(A.ll) 



To 



c 








1' -\ 


10 -1) 








i z i 







(A.13) 
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These ten-dimensional Dirac matrices are more explicitly written as 



• 


7^ 










» 1 





[ 7a" ^ 






I 7,. j 






(A.14) 



where 7a" are 16 x 16 Dirac matrices, and the product 

7 = 7273 •••79 (A. 15) 

is used in the definition of eight-dimensional chirality projection operators ^(1 it 7). Note 
that = 1, 7^ = 1, and = 1. In eleven-dimensions, the 32 x 32 Dirac matrices are 
given by 

f^ = r^, (i = 6,i,...,9), and fn = rn. (A.16) 
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